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Introduction

Domain decomposition methods are a well established tool for an efficient nu-
merical solution of partial differential equations, in particular for the coupling
of different

e models, i.e., partial differential equations;
e discretization methods such as finite and boundary element methods;
e finite-dimensional trial spaces and their underlying meshes.

Especially when solving boundary value problems in complicated three—
dimensional structures, a decomposition of the complex domain into simpler
subdomains seems to be advantageous. Then we can replace the global prob-
lem by local subproblems, which are linked together by suitable transmis-
sion or coupling conditions. The solution of local boundary value problems
defines local Dirichlet—Neumann or Neumann-Dirichlet maps. Hence, in do-
main decomposition methods we need to find the complete Cauchy data on
the skeleton. This results in a variational formulation to find either the Dirich-
let or Neumann data on the skeleton, and the remaining data are determined
by the local problems and the coupling conditions. By solving local Dirich-
let boundary value problems we can define local Dirichlet—Neumann maps
involving the Steklov—Poincaré operator acting on the given Dirichlet data
and some Newton potential to deal with given volume forces. To describe the
Steklov—Poincaré operator locally we can use either a variational formulation
within the subdomains or we can use boundary integral equations to find
different representations of the Steklov—Poincaré operator. Since all of these
definitions are given implicitly, we have to define suitable approximations of
the local Steklov—Poincaré operators to be used in practical computations.
For this we may use either finite or boundary element methods locally lead-
ing to a natural algorithm for the coupling of finite and boundary elements.
Moreover, since these approximations are defined locally by solving Dirichlet
boundary value problems, the underlying meshes do not need to satisfy any
compatibility condition.

O. Steinbach: LNM 1809, pp. 1-5, 2003.
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2 Introduction

The coupling of locally different trial spaces is the main concern of this
work. In many situations, for example in case of geometrically singularities
or jumping coefficients, one would like to use local trial spaces defined on
adaptively refined meshes or of different polynomial degree, or a combination
of both. Then the problem arises, how to couple the local trial spaces to get
a stable approximation globally.

In [8], a new concept to couple standard finite elements and spectral ele-
ments was introduced; this approach finally leads to the Mortar finite element
method [9]. Introducing Lagrange multipliers as dual variables, a weak cou-
pling of the primal variables is formulated. Variants of this method are hybrid
coupled domain decomposition methods [3]; the hybrid coupling of finite and
boundary elements [43]; three—field domain decomposition methods [24]. Since
all of these methods can be formulated as saddle point problems, we need to
have a certain discrete inf-sup condition to be satisfied [21]. Using a criteria
due to Fortin [36], the discrete inf-sup condition is equivalent to the stability
of an associated Lo projection operator in I;fl/Q(Fij) where [3; is the local
coupling boundary of the subdomains {2; and (2;. For globally quasi—uniform
meshes, the stability of the Ly projection operator follows from appropriate
error estimates and the use of the inverse inequality. However, for locally qua-
siuniform meshes such an approach is not applicable. One way out is the use of
discrete Sobolev norms [14, 73]. Another possibility is to prove the stability of
the Ly projection operator directly in the scale of Sobolev norms. In [34], the
required stability in H' was shown for nonuniform triangulations in one and
two space dimensions satisfying certain mesh conditions. The analysis is based
on decay properties of the Lo projection and results in conditions which de-
pend on the global behavior of the mesh. In a recent paper [18] we proved the
H' stability of the Lo projection onto piecewise linear finite element spaces
for arbitrary space dimension. In this case we can formulate explicit local
mesh conditions which can be checked easily for a given finite element mesh.
This approach can be extended to more general situations, i.e. when using
higher order polynomial, dual and biorthogonal basis functions. Biorthogonal
basis functions were introduced in [75] to prove the stability of the Mortar
finite element method. We will show that biorthogonal basis functions fit in
the approach presented here. In the recent literature [7, 13, 49] there is a
special emphasis on the numerical analysis of Mortar finite elements in three
space dimensions. Using the general approach described in this monograph
we are able to design appropriate Lagrange multiplier spaces to be used in
hybrid coupled domain decomposition methods. We prove stability estimates
for quite general trial spaces assuming only some mild conditions on the un-
derlying mesh. Moreover, by computing some local mesh parameters one is
able to control the formulated stability criteria.

Note that the Mortar finite element method is applicable to couple non—
matching grids and local trial spaces of different polynomial degree. Another
approach to couple locally non-matching grids without the use of Lagrange pa-
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rameters is based on a domain decomposition formulation with local Dirichlet—
Neumann maps. Defining a global trial space on the skeleton, a Galerkin vari-
ational problem is formulated for the assembled Steklov—Poincaré operators
which correspond to the solution of local Dirichlet boundary value problems.
Therefore, an approximation of local Steklov—Poincaré operators is only de-
fined by using local degrees of freedom. When using a boundary element
method we need to approximate the conormal derivative, when using a finite
element method we need to approximate the solution of a Dirichlet boundary
value problem in interior nodes. Since both trial spaces are locally, no compat-
ibility conditions are required. This results in a natural domain decomposition
method [68]. For solving a Dirichlet boundary value problem using finite el-
ements we have to extend the given Dirichlet data from the boundary to
the domain. In case of nested trial spaces, this can be done by interpolation,
otherwise one may use a two—level method globally.

The discretization of several domain decomposition algorithms discussed
here leads to linear algebraic systems, where the stiffness matrix is in gen-
eral positive definite, but either symmetric or block skew—symmetric. Hence,
for an efficient iterative solution in parallel, one needs to design special algo-
rithms and almost optimal preconditioners to be used. Note that we will not
focus on this topic here, but we refer to [11, 17, 41] for finite element domain
decomposition methods; to [14, 38, 70, 74] for multigrid methods for Mortar
finite elements; to [27, 51, 60, 69] for boundary element domain decomposi-
tion methods; to [16] for positive definite and block skew—symmetric linear
systems.

In this work, our main focus is on the formulation and on the stability
analysis of hybrid coupled domain decomposition methods. In Chapter 1 we
review the definition of Sobolev spaces and give an overview about variational
methods for saddle point problems. In particular we discuss a two—fold saddle
point formulation. After introducing some notations for finite element spaces
we define several Lo projection operators by Galerkin—Bubnov and Galerkin—
Petrov variational problems. To prove the stability of these operators we need
to have a bounded projection operator providing local error estimates. For
this we recall the definition of quasi interpolation operators from [30].

Based on the equivalence of different stability estimates, and assuming
the positive definiteness of a scaled Gram matrix, we prove in Chapter 2
the stability of the Ly projection in H® for s € (0,1]. Then we investigate
the required positivity assumption on the scaled Gram matrix by computing
its minimal eigenvalue. For piecewise linear finite elements this results in an
explicit and easily computable formula. When using higher order polynomial
basis functions it is in general impossible to compute the minimal eigenvalue
of the scaled Gram matrix in an explicit form. However, for a given mesh we
can compute the eigenvalues numerically. We will illustrate the applicability of
this approach by using Lagrange polynomials and antiderivatives of Legendre
polynomials as local basis functions.



4 Introduction

In Chapter 3 we introduce the Dirichlet—Neumann map and define the
Steklov—Poincaré operator and the Newton potential by solving related Dirich-
let boundary value problems. A first approach is based on a variational formu-
lation using the Dirichlet bilinear form, the second one is based on a symmetric
representation of the Steklov—Poincaré operator by using boundary integral
operators. Using these representations we obtain results on the mapping prop-
erties of the Steklov—Poincaré operator. Since the Steklov—Poincaré is defined
via the solution of a Dirichlet boundary value problem, we have to introduce
suitable approximations. According to the definitions we use either a finite el-
ement method in the domain or a boundary element method on the boundary.
Both lead to stable approximations of the Steklov—Poincaré operator. Apply-
ing the same ideas we can approximate the Newton potential and therefore
we obtain an approximate Dirichlet—-Neumann map.

This approximate Dirichlet—-Neumann map is used in Chapter 4 for the
numerical solution of mixed boundary value problems. The trial space for the
unknown Dirichlet data on the boundary is in general independent of the trial
space used to approximate the Steklov—Poincaré operator. In a first approach
we eliminate the Neumann data while in a second approach we keep the
Neumann data as an unknown function in the variational formulation. This is
then equivalent to variational formulations using Lagrange multipliers [4, 15].
When using a compatible trial space to approximate the Steklov—Poincaré
operator by finite elements, this discrete Steklov—Poincaré operator coincides
with the Schur complement of the standard finite element method.

In Chapter 5 we use the same ideas to formulate hybrid coupled domain
decomposition methods. Using a global trial space on the skeleton and elimi-
nating the Neumann data by a weak coupling condition across the local inter-
faces, this gives a variational formulation of the assembled Steklov—Poincaré
operators. To approximate the local Steklov—Poincaré operators, we can use
trial spaces, which are independent of the trial space on the skeleton. Espe-
cially when using finite element approximations of the local Steklov—Poincaré
operators, we obtain a method, which includes the coupling of non—matching
meshes in a natural way. For a more practical approach we can formulate this
method as a two—level algorithm consisting of a global coarse grid space and
local fine grid spaces. To be more flexible, one may introduce an additional
trial space for the primal variable locally. This leads to a three field domain
decomposition method [24] which can be analyzed as a two—fold saddle point
problem. To ensure stability, we have to define appropriate trial spaces satis-
fying the stability conditions as formulated in Chapter 2. When using a strong
coupling of the local Neumann data, i.e. using a formulation with Lagrange
parameters, we obtain a Mortar finite element method. Using the theory on
saddle point problems we can ensure stability and convergence, when the trial
spaces are chosen in an appropriate way. To illustrate the applicability of the
proposed natural domain decomposition method we describe then a simple
numerical experiment. We consider two model problems with jumping coeffi-
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cients requiring a heterogeneous discretization within the subdomains. Finally,
to describe a more practical situation, we consider a three-dimensional prob-
lem from linear elastostatics, where the domain is non Lipschitz. A domain
decomposition leads to local subproblems where the substructures are Lips-
chitz domains. The local Steklov—Poincaré operators are then discretized by
a symmetric Galerkin boundary element method.
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1

Preliminaries

In this chapter we summarize some results which are needed frequently in
the succeeding chapters. In particular, we give a brief introduction to Sobolev
spaces, for a detailed presentation, see for example [1, 52, 53]. Following [21]
we then describe abstract results for the variational solution of saddle point
problems, see also [57]. Then we summarize some basic definitions and proper-
ties of general finite element spaces and their underlying triangulations. Using
Galerkin—-Bubnov and Galerkin—Petrov variational formulations we introduce
Lo projection operators onto finite element spaces. To prove the stability of
these operators in a scale of Sobolev spaces we need to have projection op-
erators which are stable and admit local error estimates. Following [30] we
introduce quasi-interpolation operators which satisfy both of these require-
ments.

1.1 Sobolev Spaces

Let 2 C R® with n = 2 or n = 3 be a bounded Lipschitz domain with
boundary I" := 9f2. For k € Ny we define the norm

1/2
||U|\Hk(n) = Z ||Dau||%2(n) (1.1)
lal<k
while for 0 < s € R, s ¢ N, we define
1/
ullizeoy = {lul o) + 4o } (1.2)
using the Sobolev—Slobodeckii norm
1/2
|Du(x) — D*u(y)[®
ey = {3 // e dady L (13)

lel=[s]n 0

O. Steinbach: LNM 1809, pp. 7-24, 2003.
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8 1 Preliminaries
For s > 0 we introduce the Sobolev spaces
H(Q) = Cmi(Q)H-Ilem),
HE(2) = WH-IIHSW,
I;'S(Q) — WH-IIHS@”).
Note that for s > 0 we have the embedding
H*(2) € Hy(92). (1.4)

In fact, see for example [52, Theorem 3.33],
~ 1
H®(2) = Hj(92) provideds¢{2,z,g,...}.

For s < 0 the Sobolev spaces are defined by duality with respect to the Lo(§2)
inner product,
B (Q) = [H @), B(@) = [H ()] (15)

with norms

|<f,U>L QI
£y = sup o2
0£veH—5() vll-+(02)

|<f,'U>L2(Q)|
gecon = sup  ————.
I ”H (2) 0£veH—5(12) HUHH*S(Q)

Let f € H*(£2) be given for some s < 0. Then,

[(fs0) Lo
I1f] Hs(92) = sup DL )]
0£veH=5(£2) ol ()
[(f,0) 122
< sup Db e (@)] = Hf| Hs(£2) (1~6>

~ ogver—=(2) IV|lH-2(2)

and therefore f € H*(£2). Hence we have the embedding H*(£2) C H*(£2) for
all s € R.

In a similar way as above we can define Sobolev spaces on the closed
boundary I' := 92. In particular, we are interested in the case s € (0,1)
where the norm of the Sobolev space H*(I) is given by

1/2
lullzrecry = {llull3, ) + 0o } (1.7)

with
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u\zxr)—u 2

Ju |z — y[n—1+2s

For s = 1 we use the covariant derivatives to define

lullary = i,y + D (1Dl oy ¢ - (1.9)

lee|=1

Note that for s > 1 we need stronger assumptions on (2 to define Sobolev
spaces H*(I'"), see for example [52]. In particular, if £2 is C*=1! for k > 0,
then H*(I") is well defined for |s| < k.

Finally, for s < 0 we define H*(I") := [H—*(I")]* by duality with respect
to the Ly(I") inner product,

|<)‘7U>L F|
Mgy =  sup oot

. (1.10)
0£veH—5(I") ||’U||H—s(r)

Theorem 1.1. [52, 53] Let 2 C R™ a bounded domain with Lipschitz bound-
ary T' := 00. For any u € H'(R) there exists the trace you € HY?(I')
satisfying

Ihoullgzry < er - flulla o) (L.11)

Vice versa, for anyu € H'/?(I") there exists a bounded extension Eu € H(12)
satisfying yo€u = u and

[Eullmr 2y < err - |||l gz (1.12)

Let I'y C I" be an open subset of the closed boundary I" = 92. As in (1.4)
we define two kinds of Sobolev spaces on I,

H*(Iy) :== {u : u="Ujp, for some U € H*(I')}
fIS(FO) = {u € H°(I') : suppu QTO}

with norms

ullers o) = I NUllaer), ullgony = [ullasr)-
u=Viry

These two families of spaces are related by duality with respect to Lo (1),

[H3(IY)]* = H*(Iy), [H*(Lo)]" = H*(I,) forseR.

Note that H*(Ip) is often denoted by Hgy(Ip).
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1.2 Saddle Point Problems

Let X and IT be some Hilbert spaces equipped with norms || - ||x and || - ||,
respectively. We assume that there are given some bounded bilinear forms

a(,): X x X = R,
b(-,-) : X x IT — R.

Note that by the Riesz representation theorem we can identify the bilinear
forms a(-,-) and b(-, -) with bounded operators A : X — X* and B : X — IT*,
respectively. In particular, for v € X we define Au € X* such that

(Au,v) = a(u,v) forallveX
and Bu € IT* satisfying
(Bu,p) = b(u,p) forall p e II.

For given f € X* and g € II* we consider the saddle point problem to find
(u, \) € X x II such that

a(uv U) - b(U, >‘) = <f7 ’U>

(1.13)
b(u, ) = (g, 1)
for all (v, ) € X x II.
Denote
Vi=kerB:={veX :blv,7)=0 forallTell}, (1.14)
its orthogonal complement
Vi ={weX: (wuv)=0 forallveV,}. (1.15)
and
VO = {feX*: (f,v)=0 forallveV}. (1.16)

Theorem 1.2. [12, 21, 57| Let the bounded bilinear form a(-,-) : X x X — R
be elliptic on V = ker B,

a(v,v) > - |||%  forallveV =kerB. (1.17)
If the bounded bilinear form b(-,-) : X x II — R satisfies the inf-sup condition

b(v, )

inf  sup ————F— > 5 > 0, 1.18
0£uel ozvex ||Vl x||pllm (19

and if g € Im B, then there exists a unique solution of (1.13) satisfying

lullx + 1Az < e {1 Fllx- + llgllm-}- (1.19)
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Moreover, B : V& — IT* is an isomorphism satisfying

vs - lvllx < ||Bv||g-  for allv e V*. (1.20)
Finally, the operator B* : IT — V° is an isomorphism satisfying

Vs lplln < B pllx- for all p e II. (1.21)

Let X;, € X and Il C II be conforming finite dimensional trial spaces.
The Galerkin variational formulation of the saddle point problem (1.13) is to
find (Uh,a)\h) € X}, x IIj, such that

a(un,vn) = b(vn, An) = (f, vn)

b(un, pn) = (9, 1n) (122)
for all (vp, ppn) € Xy, x I},. As in the continuous case we define
Vi = {vp € Xy, 2 blop, ) = 0 for all 7, € IT},} (1.23)
and assume that the bilinear form a(-,-) is V,—elliptic,
alvp,vp) > & jop)|% for all vy, € V. (1.24)

Theorem 1.3. [12, 21, 57] Let the assumptions of Theorem 1.2 be satisfied
and let the bilinear form a(-,-) be Vy—elliptic. Let Vi, C V. If the discrete
inf-sup condition

b(vn, pn)

inf _—
on||x|pnllm

- Z ~S > 0 125
0Fpn€lln £y, € X}, ! ( )

is valid, then there exists a unique solution of (1.22) satisfying the error esti-
mates

_ < e inf _
llu —un||x < e UhnghHU vnllx,

|/\/\h||HSCQ~{ inf ||’U,*1)h|‘x+ inf |>‘ﬂh,|17}~
v €Xp pn€lly

Hence we have convergence when assuming some approximation properties
of X}, and II}. The crucial assumption of the preceding theorem is the discrete
inf-sup condition (1.25). To characterize this condition we use a criteria due
to Fortin [36]:

Theorem 1.4. Assume that the continuous inf-sup condition (1.18) is satis-
fied. Let Py : X — X}, be a projection operator satisfying the orthogonality

b(v — Py, pp) = 0 for all pp, € I,
and the stability estimate
[|Phollx < cs-|vl|lx for allv € X.

Then, (1.25) holds with ¥s = vs/cs.
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Instead of the saddle point problem (1.13) we now consider a two—fold
saddle point problem. Let X, ITy and II5 be some Hilbert spaces with norms

[“1lx, || ||z, and || - ||z, Then we want to find (u, A\, w) € X x II; x I such
that
by (u, p) — ba(p, w) = (f1, 1)
—b1 (v, A) + a(u,v) = (f2,v) (1.26)
b2(>\7z) = <g,Z>

for all (v,p,2) € X x II; x II,. Here,

a) X x X R,
b](',')ﬁXXHl —>R,
b2(',')2Hl XHQ*}R

are bounded bilinear forms implying, by the Riesz representation theorem,
bounded operators A : X — X* By : X — II{ and By : II, — II;, respec-
tively.

Two—fold saddle point problems (1.26) appear in many applications: the
coupling of mixed finite elements and symmetric boundary element methods
[37]; hybrid boundary element methods [64] or three—field domain decompo-
sition methods, see [24].

To prove unique solvability of the two—fold saddle point problem (1.26) we
apply Theorem 1.2 twice. As in (1.14) we define

ker By := {pp €Iy : ba(u,2z) = 0 forall z€ Ilr}. (1.27)
Moreover,
kerp, By := {ve€ X : bi(v,u) =0 forall u € ker Bo}. (1.28)

Theorem 1.5. Let the bounded bilinear form a(-,-) : X x X — R be elliptic
on kerp, By,
a(v,v) > ¢-|||%  for allv € kerp, By . (1.29)

Let the bounded bilinear forms by(-,-) : X X II1 and ba(-,-) : I} X I3 satisfy
the inf-sup conditions

bl(vaﬂ)

inf S T ) (1.30)
0£ueln ozvex |0l x|pllm
b
inf 202 oS, (1.31)

0£2€1z ozpem, ||plm 2]l m,

If g € ImBs and f1 € Im By is satisfied, then there exists a unique solution
(u, \,w) € X x I X IT5 of the two—fold saddle point problem (1.26) satisfying
the stability estimate

lullx + 1Mz, + [wllmy < e {Ilfillm; + 11 f2llxs +llgllms - (1.32)
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Proof. Since we assume g € ImBy there exists a A\* € (kerBs)* such that
ba(A,2) = (Bodt,2) = (g,2) forall z € I,.

Moreover,
Mz, < e lgllms-
Hence we have to find (u, A\g) € X x kerBs such that

br(u, ) = (f1, 1)
—by (v, Xo) + a(u,v) = (fa,v) + bi(v, A1)

for all (v, u) € X x kerBs. Note that bo(w, p) = (Bap, w) = 0 for u € kerBs.
Using f; € ImB; there exists a u € (kerp, B;)* such that

bi(ut,p) = (fi,pu) forall u € kerBs .
Again we have the stability estimate
lutllx < e [lfallm;-
It remains to find uy € kerp, B; such that
a(ug,v) = (f2,v) +b1(v,A\") for all v € kerp, B;.

Note that by (v, A\g) = (B1v, A\g) = 0 for v € kerp, B;. Since the bilinear form
a(-,-) is assumed to be elliptic for v € kerp, By, there exists a unique solution
up € kerp, By satisfying

lluollx < e {llf2llx + [\l }-
Therefore, u := uy + ut is the unique solution of (1.26) satisfying
lullx < e {IIfillm; + |l fallx- +lgllm; } -
Now we can find )y € kerBs such that
bi(v,\) = (BjXo,v) = (Au— fo — BiAt,v) forallv e X .

Since Au — fo — B{AT € (kerp,B;)? is satisfied, we can apply Theorem 1.2
to get a unique solution \g € kerBy. Hence, \ := \g + A+ € II; is the unique
solution of (1.26) satisfying

Mz < e {IAallm; + 1 f2llx- + gl }-
Finally we can find w € Il such that
bo(w, u) = (Byw,u) = (Bru— fy, ) for all j € Ty

Since Biu — f1 € (kerBs)" we can apply Theorem 1.2 to get w € Il solving
the saddle point problem (1.26) and satisfying the stability estimate

Nwllm, < ¢ {{|fillm; + 1 f2llx- +llgllm; . O
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Let X, C X, II1 j, C II1 and I, C II; be conforming finite dimensional
trial spaces. The Galerkin variational formulation of the two—fold saddle point
problem is: find (up, Ap, wr) € Xy, X IT1 j, X I}, 2 such that

by (wn, pn) — ba(pn, wn) = (f1, pen)
—b1(vn, An) + alun, vy) = (f2,vn) (1.33)
bz (An, 2n) = (9, zn)

for all (vp, pn, 2n) € Xp X I p, X I3 ;. We assume that the bilinear form a(-, -)
is also elliptic on

kerp, , Bin = {vn € Xp : bi(va,pn) =0 for all pu, € kerBy 5}
where
kerByp, := {pn € IIip, : ba(pp,2n) =0 forall 2z, € Il }.

As in Theorem 1.3 we can prove unique solvability of the two—fold Galerkin
saddle point problem (1.33) when assuming some discrete inf-sup conditions:

Theorem 1.6. Let the assumptions of Theorem 1.5 be satisfied and let the
bilinear form a(-,-) be elliptic on kerp, , B1y. If in addition the discrete inf-
sup conditions

b1 (vn, pin)

inf sup ——————————>7g >0 1.34
ottt 0P, Tonllx il = 5~ (1.34)

b
inf sup Q(Mha Zh)

elinzn) S50 (1.35)
0£2h€lTn2 0pp ety p, ||Hn | |20l

are valid, then there exists a unique solution of (1.22) satisfying the error
estimates

lu — unllx + [|A = Anllm, + [|w — wi||m,

< c¢-< inf — inf ||\ — inf — .
<o { it - ullx+ e A=l bt o=l

vp €Xp h,2

1.3 Finite Element Spaces

Let T be a m—dimensional bounded and sufficiently smooth, open or closed
manifold. For simplicity in the presentation we assume that for m = 1,2
T C 012 where 2 C R™*! is a bounded polygonal or polyhedral domain. For
m = 3 let T = 2 C R™ be a polyhedron. Let Ty = {m}}_, be a family
of admissible finite element meshes consisting of IV finite elements 7, which
are assumed to be open. We assume that a finite element 7, is either a line
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segment (m = 1), a triangle (m = 2) or a tetrahedron (m = 3). Note that for
more general 7 one may consider either a sequence of polygonal/polyhedral
approximations Ty or higher order finite elements 74. The first approach will
require an appropriate error analysis based on the Strang lemma [29] while
for the second approach we can use the same techniques as described in this
monograph. However, the computations will become more technically. Hence,
we will restrict ourself to consider the simple case of a polygonal or polyhedral
bounded domain only.

For each finite element 7, we define as local mesh parameters: the volume
Ay, the associated local mesh size hy and the diameter dy,

Ay = /dm, he = A;/m, dy = sup |z—y| forf=1,...,N. (1.36)
T, YETy
Te
We assume that all finite elements 7, are shape regular, in particular, there
exists a positive constant cgr independent of N such that

h
1>=%>cg>0. (1.37)
dy
Let
Bmax := max hy, Amin := min hy. (1.38)
¢=1,...N ¢=1,...N

The family of finite element meshes Ty is said to be globally quasi-uniform if
there is a constant c¢g > 1 independent of IV such that

hmax/hmin é ca . (139)

As usual we put h := hpyay to be the global mesh parameter associated with
the mesh Ty. In this work we are mainly interested in locally quasi-uniform
finite element meshes 7Ty where the ratio

he/hj <L, (1.40)

is bounded by a uniform constant c; whenever the elements 7, and 7; are
neighbored, in particular, they share either a common vertex, edge or face.
Let
Vi := span{op }2L, ¢ HY(T) (1.41)

be an associated family of finite dimensional trial spaces spanned by piecewise
polynomial basis functions with local support. We assume that there holds
some approximation property in V},, which will be specified later. Furthermore,
we assume that an inverse inequality is valid locally,

HU’L”HS(TZ) <ecr-h,t- ||Uh||L2(Tg) for all v, € V3, s € (0,1]. (1.42)

Hence, for s = 1 we have an inverse inequality globally,
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N

lonll3nery < er- Y hy” - |vall3, iy for v € Vi (1.43)
=1

Now, if the mesh is globally quasi-uniform, there holds also a global inverse
inequality for s € (0, 1],

l[orllascry < ¢-h™% - ||onl|L,¢my  for all vy, € V. (1.44)

For an arbitrary finite element 7, the local trial space Vi (7y) = Vj, is
spanned by local shape functions with M, := dim V}, (7). In particular,

Vi(me) = {(pf s Jpp €V @f(x) = pp(z) forze Tg}. (1.45)

For each local index ¢ = 1,..., M, we define k; € {1,..., M} as associated
global index such that ¢y, = @t For { =1,..., N we introduce local Gram
matrices as

Golj i) = (@5, 05 y(ry fori,j=1,...,M, (1.46)

and the diagonal matrices

M,

Dy = diagG, = diag (H<Pf||%2(n))i:1~ (1.47)

Assumption 1.1 We assume that
of  (Dezyyzy) < (Gezyszy) < 65 - (Dezy, ) (1.48)
holds uniformly for all x, € RM¢ (0 = 1,..., N ) with positive constants ¢,

c§ independent of N.

As it will be shown in Chapter 2, Assumption 1.1 holds for a wide class of
trial spaces, in particular for piecewise polynomials. In Section 2.1 we consider
standard piecewise linear finite elements, while in Section 2.2 we deal with a
piecewise constant trial space defined on a dual mesh. Finally, in Section 2.3
we investigate finite element spaces of locally higher order polynomial degree.
However, the constants ¢ and ¢§ may then depend on the polynomial degree
used.

For each basis function ¢y € Vi, k =1,..., M, we denote its support by

wk = supp{er} (1.49)
and we define related trial spaces locally by
Vh(wk) = {ij‘wk N PNS Vh}. (1.50)

To describe the relations between the basis functions ¢y for k =1,..., M
and the finite elements 7, for £ =1, ..., N we define two index sets as follows:
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Ik)y={te{l,...,N} : mNwp#0} fork=1,...,M, (1.51)
JW) ={ke{l,...., M} : wynNr #0} fort=1,...,N. (1.52)

In particular, I(k) defines all finite elements 7, where the basis function py, is
not identically zero. Vice versa, J(¢) describes all basis functions ¢y, which are
partially nonzero inside 7;. Since the family of meshes is assumed to be locally
quasi-unifqrm, for each basis function ¢ € Vj we can define an associated
mesh size hy satisfying

1 ilk
— < ¢ forall e I(k), k=1,...,.M (1.53)
CQ hz

IN

with a global constant cg > 1. For example, we can define hye as follows:

i. Averaging of local mesh sizes [18]:

A 1
= f =1,..., M. 1.54
he = o glj(k)he ork=1,..., (1.54)

7. Mass of basis functions:
hie = \lgnll7,, fork=1,...,M. (1.55)

731. In case of nodal basis functions we can use the minimal distance of asso-
ciated vertices, see [26]:

hi = min |z —xj| fork=1,...,M. (1.56)
zjETe LEI(K),jF#k

1. In case of a globally quasi-uniform mesh we can choose
hy :=h forallk=1,...,M (1.57)

using the global mesh size h.

As it will be seen later, the actual choice of hy does not influence the
validity of (1.53). However, for basis functions of higher order polynomial
degree, the choice (1.55) seems to be favorable.

Let

Wy, = span{yx }2L, C Lo(T) (1.58)

be an appropriately defined dual finite element space with
dimWh = dlth =M

where the underlying mesh is given by ’7'1\7 = {ﬁ}?’;l consisting of N finite
elements. In Section 2.2 we will describe an example for a construction of Wj,.
In what follows we need to formulate a few assumptions on W}, to be satisfied.
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By W (7¢) we denote the local trial spaces defined by the restriction of
W, onto 7y:

Wh(7e) == {¢f : € Wy, - ¢f(a:) = ¢Yg(x) forzx e Tg}. (1.59)

We assume that
dimWh(Tg) = dim Vh(Tg) = Mg.

As in (1.46) we define the local Gram matrix

Golj,i] = W) 1y fori,j=1,..., M. (1.60)
In addition, we also define generalized local Gram matrices éz by

Gelj,i] = (@5, ¥ 1y fori,j=1,..., M. (1.61)

Assumption 1.2 We assume that

o - (Dezpzy) < (Gozpyzy) < 65 - (Dozy, zy) (1.62)
and A R A

of - (Do ag) < (Guzgyz) < 65 - (Dey, ) (1.63)
hold uniformly for all z, € RMe (¢ =1,..., N ) with positive constants c?, CQG

and c§, c§, respectively.

Note that in the case V}, = W}, we have Gy = éz = Gy and Assumption
1.2 coincides with Assumption 1.1. We finally assume that the basis functions
of both finite element spaces V}, and W}, are normalized, in particular,

H%HQLQ(T) ~ hiT, ||¢k||2Lz(T) ~ By, k=1,...,M.

1.4 Projection Operators

The standard Galerkin Lo projection
Qh : LQ(T) — Vi C Hl(T)

of a given function v € Ly(T) is defined by a Galerkin-Bubnov variational
problem: find Qpu € V}, such that

<Qhu, Uh>L2(T) = <u, Uh>L2(T) for all v, € V3, . (1.64)

This is equivalent to a system of linear equations, Gru = f, where the stiffness
matrix is given by

Gulj,i] = (@i, 05) Loy foralli,j=1,..., M,
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and the right hand side is defined by

fi = (W, @i),cmy forj=1,..., M.
Let

M
Dy, = diagGh = diag (H‘Pk||%2(7))k:1 .

As a consequence of Assumption 1.1 there hold the spectral equivalence in-
equalities

- (Dpu,u) < (Gru,u) < c§ - (Dpu,u)  for all u € RM (1.65)

with the same constants as in (1.48). Hence we have unique solvability of
(1.64). Due to

NQnull7, iy = (@nt, Quu) o7y = (w, Q) Loy < |ulloerl|Qnullocr)
there holds the trivial stability estimate
HQhUHLz(T) < HUHLZ(T) for all u € LQ(T) (166)
Moreover, by Cea’s lemma,
lu = @nullpory < nf [lu—vplL, ()
vp €EVh

and we have convergence when assuming an approximation property of Vj.

Instead of a Galerkin-Bubnov approach we now use a Galerkin—Petrov
scheme to define a generalized Ly projection

@h : LQ(T) — Vi C Hl(T)
For a given u € Lo(T) this reads: find @hu € V}, such that
(@hu, wh>L2(7—) = <u,wh)L2(7—) for all wy, € Wy,. (1.67)

This is equivalent to a system of linear equations, G nu = f, where the stiffness
matrix is given by

Gulj, i) = (0,0 Loy foralld,j=1,..., M. (1.68)

The unique solvability of the variational problem (1.67) is based on Assump-
tion 1.2:

Lemma 1.7. Let Assumptions 1.1 and 1.2 be satisfied. Then,

| (O, wh) o7
cs,0 - ||vnllpoy < sup R Bh/ Lo (T

(1.69)
0wy €W, ||whHL2(T)

holds for all vy, € Vi, with a positive constant cg .
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Proof. Let
M
= kawk(m) eV,

be arbitrary but fixed. We define

M
= kalﬁk(ﬂ;‘) e Wy.

Due to Assumption 1.2 we have

N N

(Wns Wi La(T) = D (0 W) Loty = Y (Gevg, 0p)

=1 =1
~ N ~
> o > (Dewy,vy) = ¢ - (Dho,v)
=1

as well as

N

N
||11’f*L||2L2 Z (Wi WE) La(re) = Z(Gwz&z)
=1 (=1

| /\

N
Z Doy, v,) = c2 (Dpu,v) .
=1

Hence, using Assumption 1.1 and (1.65),

(v, wid o] cf - (Dpv,v)'/?
willz, e _\/cz o

2

G

C
> 1

> (Grv,0)Y? = cso [[vnllrar). O
CGCG
\/ 2 =2

Applying standard arguments, we have unique solvability of (1.67), the
stability estimate

1
(@utlliaer < - lltlliary forallu€ Ly(T) (170

as well as the quasi optimal error estimate

~ 1
— < (14+ —)- inf — . 1.71
llu — Qnullp,cry < (1+ 05,0) w}thHU vnl| Lo (7 (1.71)

yielding convergence from an approximation property of Vj.
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As in (1.67) we can define an adjoint projection operator
Q. : La(T) — Wi, C La(T)
by the Galerkin—Petrov variational problem: find é;‘lw € Wp, such that

(@Zw,vh>L2(7—) = (w,vh>L2(7—) for all v, € V. (1.72)

The stability and error analysis of (1.72) is again based on Assumption 1.2
and can be done as described above. In particular,

1

1Q5wl| Loy < o [w||z, ) for all w € Ly(T). (1.73)
Note that, by definition,
<@hv,w>L2(T) = (v, @Zw)LZ(T) for all v,w € La(T). (1.74)

Moreover, in the case V;, = W)}, the projection operators Qp, th and QZ
coincide.
To this end, we introduce an additional operator

IT; - H*(T) = Wi € H™*(T)
for some s € (0,1] defined by the variational formulation

(Hpu,vn) oy = (W, vp) sy for allv, € Vi, € H¥(T). (1.75)

Note that the stiffness matrix é; of this variational problem is the same as for

the projection operator @} . Hence we have unique solvability when assuming
Assumption 1.2.
In the next chapter we will prove that the operators

Qn: H(T) = Vi, € H¥(T),
Qi H*(T) = Wy C H*(T),
I3 H3(T) — Wy € H(T)

are bounded for s € [0, 1] when some appropriate assumptions are satisfied.
For a globally quasi-uniform mesh Ty we have the following result:

Theorem 1.8. Let the family of meshes Ty be globally quasi-uniform, in par-
ticular we assume the global inverse inequality (1.44). Then, for s € [0,1],

1Qnllbr ¢y < s lullusr)  for allu € HY(T). (1.76)
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Proof. For s =0 (1.76) is (1.70). For s € (0,1] let Q5, : H*(T) — Vs, C H5(T)
be defined by

(Qhu,vn) sy = (W, vp)gs(y for all vy, € V.

Obviously,
Q5ull=(1) < llullgs¢ry forallue H(T).

Moreover, applying the Aubin—Nitsche trick, we have the error estimate
lu = Qiullry2) < ¢ h® - fulgs(T).

Using the triangle inequality, the global inverse inequality and the Lo stability
of Qh;

1Qnull =y < Q5[+ (7 + 1@ — Qiyul =7
<ullg=ry + ¢ h™ - |Qnu — Qjul| (T
= |lullzrs () + ¢+ B - [|@n (v — Qiu)|a(T)
< ullgs(ry + ¢ h7% - [lu— QpullL, (1)

and the assertion follows from applying the error estimate for Q7 in Lo(T).
O

1.5 Quasi Interpolation Operators

To prove the stability estimate (1.76) for globally nonuniform meshes we need
to have a projection operator Py, : H*(T) — V3 C H*(T) which is stable in
H*(T) and which admits local error estimates. For this we use quasi interpo-
lation operators as first introduced in [30]. Define

(Phu)(z Z Fi(u (1.77)

where Fi(-) : H*(T) — R are bounded linear functionals. When using La-
grange basis functions one may choose Fy(u) := u(xg) to get the nodal inter-
polation operator. It is obvious in this case, that we need stronger regularity
assumptions, at least continuity of u € H*(T). In what follows we will use
local Loy projections to define the linear functionals Fj(-).

Let QF denote the Galerkin Ly projection onto the local trial space Vj, (wy)
with mesh size hy. In particular, for u € La(wy) we define Qﬁu € Vi(wg) by

<QZU,, Uh)Lg(wk) = <u,vh>L2(wk) for all vy, € V3, (wy). (1.78)

As in (1.66) we have the stability estimate
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||QZU||L2(W) < lul|py(wy) for all u € Lo(wy) (1.79)

as well as the quasi optimal error estimate
H(I—Qi)uHLz(wk) < c-hy- [u| e (wy), for allu € H*(wy), s € [0,1]. (1.80)

Since the mesh is assumed to be locally quasi-uniform, we have the following
stability result due to Theorem 1.8:

QFull s ) < ¢ |Jullme(wy) for allu € H*(wy), k=1,...,M. (1.81)

Now we are in a position to define a quasi interpolation or Clement operator

by
M

(Pru)(z) = D (Qfu)(zx) - on(x) .- (1.82)

k=1
It is easy to check that P, is indeed a projection.

Lemma 1.9. [18, 30] Let w € H*(T), s € [0,1]. There exists a positive con-
stant ¢ independent of h such that

(I = Pa)ullyry < ¢ D hj-lulge,) fore=1,...,N. (1.83)
keJ(t)

Moreover,
[Prullms(m) < ¢ [ullms () (1.84)

Proof. Let 7, be an arbitrary but fixed finite element and let k € J(¢) be a
fixed index. For x € 7, we have the representation

(Pru)(@) = Q@)+ > [(QFu)(ar) — (Qhu)(an)]pw(x).
keJ(€),k#£k
Let 0 = 0, s. Note that

m/2—o

[k lEo ) < e hy

Then, using (1.80) it follows that

(= Pa)ull o) < ex-hie[ul ooy + 2ok > (@) () — (@) ().

keJ(£),k#k
Moreover, using (1.81) we get
~ A m/2—s %
I(T=Pr)ull sy < érellulle o+ e2hy 7" 30 1(@Qfu) () —(Qhu) ().
keJ(0),k#£k

Now,
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Nonllow iy < ¢ hy ™2 ||0nl|Lagry  for all vy € Vi, £=1,...,N.

Thus, (1.80) gives for zy € ¢,

(Qfu)(wy) — (Qfu)(z1)| < [|Qfu — Qfullr. v

—m/2 %

<ehy ™ |1QFu — QFull Ly ()
—m/2 k

< e by 11Qku — ullzary + e — QFul Ly }
—-m/2 s 7s

<c-h ~{hk'|U|Hs(wk)+h’,;'|u|HS(wg)}'

Hence,

1T = Pu)tllagry < €v D> 3 fulare )
keJ(£)

which is (1.83). Moreover,

(T = Pr)ull sz < ér-lul

Hs(wg) +ca-hy® Z hk [ul s )
keJ(£)

and therefore, by using (1.53),

T = Puullaery < ¢ 3 lul

keJ(£)

He(wg):

For s = 1 we now get (1.84) by summing over all elements, while for s € (0, 1)
(1.84) then follows by interpolation. O
Note, that using (1.53) we have the local estimate

he NI = Pr)ullzaimy < ¢ Y fulmey -
keJ(€)

From this we get, by summing up the squares,

N
Do = Pty < e llullfeer forue HY(T).  (1.85)



2

Stability Results

In this chapter we first describe abstract stability results for Ly projections
defined either by Galerkin—-Bubnov or Galerkin—Petrov variational formula-
tions. We prove that these operators are bounded in a scale of Sobolev spaces
when appropriate assumptions for the underlying finite element spaces are
made locally.

For globally quasi-uniform meshes the stability of the Galerkin Lo projec-
tion is a direct consequence of a global inverse inequality, see Theorem 1.8.
However, here we are interested in non-structured and nonuniform meshes
resulting from adaptive computations.

For nonuniform triangulations in one and two space dimensions the stabil-
ity of the Galerkin Ly projection in W/ was shown in [34] assuming certain
mesh conditions. For a general discussion on the stability of the Ly projec-
tion see, for example, [71]. In [18], new results were given to obtain the H'
stability of the Lo projection onto piecewise linear finite element spaces in sev-
eral space dimensions. This is based on explicit and easily computable mesh
criteria. In particular, stability of the Lo projection in H' holds for locally
quasi-uniform geometrically refined meshes as long as the volume of neighbor-
ing elements does not change too drastically. These results can be extended
to prove the stability of the Ly projection in fractional Sobolev spaces [66].
Then, the mesh criteria depends on the Sobolev index s and disappears for the
trivial case s = 0. The same techniques can be used to consider the stability of
a generalized Lo projection defined by a Galerkin—Petrov scheme [67], where
the test and trial spaces have to satisfy a certain compatibility condition to
ensure unique solvability. Here we will give a general approach to deal with
almost arbitrary test and trial functions. B

Let us consider the generalized Lo projection @ as defined by the varia-
tional problem (1.67). We will prove that the operators

O. Steinbach: LNM 1809, pp. 25-51, 2003.
© Springer-Verlag Berlin Heidelberg 2003



26 2 Stability Results
Qn: HY(T) = Vi € H*(T),
Qh: H™*(T) = Wi, € H™*(T),
II} - H*(T) — W, € H5(T)

are bounded for s € [0,1] when some appropriate assumptions on the finite
element spaces V}, and W), are satisfied. In particular, the norm of all of these
operators is equal. Moreover, there holds also a related stability condition as

stated in the following theorem:

Theorem 2.1. The following statements are equivalent for s € [0,1]:

i

NQnull ey < es - |[ullgs(ry  for allu € H*(T) (2.1)
i, N N
NQhwllg-. () < es-llwllg-.(ry forallwe H™*(T) (2.2)
iii.
Il g-o 1y < es - lullasry  for allu € H*(T) (2.3)
iv.
1 Up, W
— |lunl|lgs¢ry < sup Hen, wn) 27| for allup, € V4, (2.4)
Cs 0wy EWY, Hwth{,s(T)
Proof.
i.—1i.: By duality and by using (1.74),
~ (Qw,v) 1)
|Qhwll gy = sup  ————
P T ey 10llms )
] [(w, Qnv) Ly (1)
sup ————————~—
ogvers(T)  llaE=(T)
1@nolla (1)
< [wllg-. sup  —————— < ¢ ||wl| oo ()
B2 o svers ey Mollme H=(T)
11.—1.: Using similar duality arguments,
= (Qntt, w) 17
1Qnullgs(ry = sup ~—2()
ozwei—+1)  Wla-s(1)
u, Q0w
— ap Mm@
ogweir—=r)  Wllg-«r
15wl (r
<|[ullgs¢ry  sup D < es - YJullgs ).

ozwei-=(r) 1WlE-s(7)
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1.—11.: By duality,

|(IT5u, ) L, (1
[ Tpull gy =  sSUp  ——t——
BT o ensmy vl

(T, Qo) L7

= sup
0£veH (T) V]| s (1)
[(u, Qnv) s (7|
sup @ #—"
ozver (1) |llmas(1)
1Qnvl| e (1
<lullgeery sup T < gl |-

ozvers(T) Vlls()

wt.—v.: Using wj, = Ijup € Wh,

sup [(uny wh) Loyl uns Lpun) Ly (1|
ozwnews, wnllg-ocry — [HHunllg-o (7
HuhH?{s(T) 1

= = — llunllg=m-
[Tyunllg—ry ~ s @

w.—i.: For up = Qpu,

1~ {Qnts wh) L)
— - ||Qnull sy £ sup noeh D hLa(T)]
(& O;éwheWh, ||wh‘|ﬁ—s(’r)

= sup Mo wn) ] < llullgs(r). O
0Fwp €Wp, HwhHH—s(T)
In Theorem 1.8 we proved the stability estimate (2.1) when assuming a
global inverse inequality. However, for nonuniform meshes, in particular, for
meshes resulting from some adaptive refinement procedures, Theorem 1.8 is
not applicable. However, in what follows we will prove the equivalent stability
of II} assuming appropriate sufficient conditions locally. For this, we first
introduce local scaling matrices as follows. For some arbitrary but fixed s €
[0, 1] we define the diagonal matrix

H, = diag (ﬁ;)Mﬁ (2.5)

where the hy, are local mesh parameters associated with a basis function
k € J(¢). We assume that the mesh is locally quasi uniform and that (1.53)
is satisfied.

Now we are in a position to formulate a sufficient condition which is essen-
tially needed in the proof of the next theorem. For the local Gram matrices
Gy defined by (1.61) we make the following assumption:
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Assumption 2.1 We assume that there exists a positive constant ¢y > 0
such that

(Hgé?H[lge,ge) > ¢o- (Dezy,zy) for all z, € RMe (2.6)
holds uniformly for all =1,...,N.

Note that for a globally quasi-uniform mesh we may chose hi =h yielding
HgG;H , GZ In this case, Assumption 2.1 coincides with Assumption
1.2. If we define the symmetric matrix

1
Gf =5 [HgG@ Hy'+ Hy Ggﬂg} (2.7)
(2.6) is equivalent to
(GFxy,0) > co- (Dexyyz,) for all z, € RMe, (2.8)

Theorem 2.2. Let Assumption 2.1 be satisfied for some s € (0,1]. Then,
HIull ey < es - llullgsr)  for allu € H*(T). (2.9)

The proof of this theorem is based on the following lemma. A similar
estimate was used in [19] to construct spectrally equivalent multilevel pre-
conditioners in finite element methods in the case of globally quasi-uniform
meshes.

Lemma 2.3. Let Assumption 2.1 be satisfied and ¢, € Vi, fork=1,... M.

Then,
N

2
wh,sﬁkL
SR flunl2 i < Z[ (i eear| (2.10)

2 el e o)

for all wy, € Wy, with a positive constant.
Proof. Using Assumption 1.1 for V}, = W), we have

N
Zh [ [ Z N wE e

keJ(0)

M M
c: Zw Z h{® HWHQLQ(U) = C'Zw?ﬂi
eel(k k=1

k=1

/\

with

Z h7® - ||1/)k||L2n) fork=1,..., M.
re1(k)

Setting xy := yrwy this gives



2 Stability Results 29

N

Dohe - lwnll, iy < e llalls. (2.11)
=1

On the other hand,

M
Z |: Wh, Pk LQ(T)]

2

Jo 2
]CE: Z

= | ekl ) H‘Pk”H (wr)
M [ M 2
(s, 01) Lo (T
- Z ij JH I 2l = ||Az|[3 (2.12)
k=1 | j=1 Vi NPRIHS (wi)

with a matrix A given by
A= DJ'Gy D', D, := diag(||kllme(wy)): D~y = diag(yx).
Let Gp, := HG  H™'. For any u € RM we define

M M
= Zh;sukgok € Vi, wyp, = Zh;uk’(/)k e W.
k=1 -

Then, using Assumption 2.1,

N

(Gru,u) = (G H 'u, Hu) = (wp,on) 1,07y = Z(wh,vhmm)
=1

N N
= (HGJ H;  ugyuy) > o Y (Deug,ug) = co - (Dpu, ).
=1 =1

Since all entries of D, are strictly positive, we can define

D,/? := diag (llerll o) -

From
1/2 2 =
co - ||D)"ullz = co - (Dpu,u) < (Gru,u)
= (D, *Gyu. D}/?u) < ||D; Gl |21 Dy a2
we conclude that
co - ||D}?ulla < ||D;, " *Ghully  for all u € RM.

Taking v := D,u this is equivalent to
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co- ||y 2Dl < ||D, 2 DD GhD; Ml = [|D,? Dy Au]l

for all v € RM using A= D;léhD;l. The ratio of the diagonal entries
satisfies

Z ||<Pk||2L2(T[)

D kK \ e N
D[k, K] \/ > hlenl, hi
Lel(k)
and
Dylk k] _ lloullmewo _ 1
D Pkk) ekl = Ry

for all k =1,..., M due to the inverse inequality locally. Thus,
c-|[H ||y < ||H 'Aul|y forally e RM,
Taking z := H~'v above gives

¢-llells < [[H ' AHzllo = ||[H D, "HG] H'D;" Hall,

= 1D, "G Dy |z = || Az]|2

for all z € RM since Dy, D., and H are diagonal matrices. Combining this
with (2.11) and (2.12) completes the proof. 0O
For the next result see also [39, Theorem 1.4.3.1].

Lemma 2.4. Let s € [0,1]. Then,
||(p}€‘|Hs(Rm,) <c- ||(Plc||H3(wk) for all gy, € V. (2.13)

Proof. Since the assertion is obviously satisfied for s = 0,1 it is sufficient to
consider the semi-norms only. Let B, (zx) the smallest ball which circum-
scribes wy, with mid point xx and radius r; > 0. Let

G = {z € R™ @ |z —xi| < 2r} .
Then, for x € w, and y € R™\wy,
lz—yl = |y =zl — v — 2| = |y —2p| — 7.

Now, by definition,

pr(z) — ¢
| n e ) Z/ lo(z) = oL g,

|z —y|mt2e
Rm R™
| or (@) — n(y)? / / ok ()]
= o) = PRI dady + 2- T dad
| [ + o — gz Y
Wk Wk Wi RM\wp,

a2 |ox ()]
= |eklHo () T 2'/ / ded%

Wi R™ \wy,
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For the remaining term we have

|on (@
I = Wﬂﬂﬂw

Wi ]Rm\wk

Iwk |ox(2)[?
/ / |m+25 da:dy -+ Wdl’dy .

Wi wk\wk Wi Rm\@k

The first summand can be estimated by

Isok |or(z) — or(y)?
/ / |m+2s dmdy = ‘l‘ _ y‘m+2s d:cdy

WE O \wk Wk Wk \wk
_ 2
< lor(@) — e W) dy
PR
W Wk

= \@kﬁp(@k) <c |50k|%15(wk)'

The second summand can be estimated as

|80k / 2 / 1
— " dxdy < z)|“dx d
/ / |m+2s y < | lor(z)] (5= 2 = re)m

wi RM\ @y, Wk R™\ &g
1 _ 1 2.
Se T T ekl <€ 5 e
Here we used, by explicit computations,
oo
/ dy :2./L:1.r—zs
(ly — zp| — re) 428 (r —ryp)i+2s s ko
R\, 2ry,
21 oo
/ / / rdrde 1+4s _9s
=T — 7T
(\yka| — )2t (r —rp)2+2s s(14+2s) K
Rz\(;}k 0 27y
2 27
/ / / / r2 cos Odrdpdd
(‘y_$k| _,r-k 3+2s T—T‘k 3+2s
Rs\@k 7% 0 27

2 8 8 1
:M/Ti;ng%%iiiiai

r—rp)3t2s s(14+2s)(1+s)

27

On the other hand we have

lor () — or(y)? 1 -
ok lEre () = / Wd zdy ~ ~- byl .

W Wk

2s

31
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Using that the mesh is locally quasi-uniform, we have 7y ~ hy and the asser-
tion follows. 0O

Lemma 2.5. Forv € H5(T) with s € (0,1] and ¢, € Vi, k =1,..., M, there
holds the estimate

M <7j’<pk>HS(T) ? 2

S SERED < o)y (2.14)
= L llerllms

Proof. For s = 0,1 we have

12\4:{@ s k) Hs ( 7’)] %[U% He( wk):| ZH Brecon

|pr || £r2 (wr) — L llerllme

N
Z Z H/U”Hs (1e)
l=

keJ(£)
< Jol[%-
< Z:r{{?fN{#J(E)} [0l 3rs (7

and therefore (2.14). For s € (0,1) the inner product in H*(7) can be de-
scribed by

(w,v) s (1) = (U, ), (1) + b(u,v)

v (@) - ()
Nlo(z) —v(y
b = dxdy.
) = [ [t
Fa
Therefore,
(v, 01 e ]” b(v, o) 1
L() < 2Pl 20 o
Qak”HS(wk) H<)0kf||Hs((—dk)
Using
ek (@) — on(y)]
v, k) // I:v—y\’"+25 dedy
WE Wk
SRR =
Wi T\wk
and the Cauchy—Schwarz inequality we get
[b(%@)]Q <2 |U|H (wk)|%’k|H s (wg) +4“k/ / |m+2s da:dy

Wi T\u]k
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with
uk—/ / ————dxdy —/ / w)* S 7 dxdy
|x_y|m+25 |$_y‘m+25
Wi T\wg wr T\wk
)
/ / e~ ol oy = louliery < e ol ony

Hence, (2.14) follows by summing up over all k =1,...,M. O
Now we are able to give the proof of Theorem 2.2:

Proof of Theorem 2.2. For v € H*(T) let Pyv € V}, satisfying the
stability estimate (1.84) and the error estimate (1.85). Then, by duality, using
definition (1.75) and (1.84),

[ ju,0) 1y (7

[ pullg—o(7y = sup
MU eme oy 10l
—  sup {|<Hﬁu,th>L2(T)| |(IT5u, (I — Ph)U>L2(T)|}
O#vEH*(T) o]l &= () ol
= sup { [, Prodaee | [T, (= Ph)v)ry )| }
ozver () L [Vllae(m) [ollzz= (7

|(IT 7w, (I — P)v)n, (1l
<c-||ullgs(ry+  sup h (D1
0£veH* (T) V]| s (1)

For the second summand we use the Cauchy—Schwarz inequality to obtain

N
(I, (1 = P)v) oy < Y (I, (1 = Pu)v) y(ry)|
=1

N

D M ull oo 1 = Pu)ol| L ry)
(=1

IN

IN

N /2 , N 1/2
<Z hi® - IHZUIZ(U)> <Z hy || — Ph)vlim))

=1 {=1

IN

N 1/2
c- (Z h%S : |H§U||2L2(n)> ||U||HS(T)
=1

due to (1.85). Now, the assertion follows from Lemma 2.3, definition (1.75)
and Lemma 2.5. Indeed,
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ol M (LT, or) Ly (T)

h%
SURLFEETDY []
=1

2| el

M )2
=c- < c-||u||3s . O
2 [iodhiias ] = ol

The proof of Theorem 2.2 was essentially based on Assumption 2.1. In
what follows we will consider several situations when (2.8) and therefore (2.6)
is satisfied. We first consider the Galerkin Lo projection @, defined by (1.64)
using piecewise linear test and trial functions. Then we investigate the sta-
bility of the generalized Lo projection @), when using piecewise constant test
functions which are defined on the dual mesh. For these two cases we obtain
explicit and computable conditions by computing the minimal eigenvalue of
Gf . Then, for m = 1 we give discuss some numerical results concerning the
stability of @);, when using higher order polynomials to define the finite ele-
ment space V. Finally we discuss the use of biorthogonal basis functions as
introduced in [73]. In this case, (2.1) is trivially satisfied and no additional
restrictions appear.

2.1 Piecewise Linear Elements

First we consider the standard Ly projection @, with V;, = W), using piecewise
linear basis functions defined with respect to a triangulation Ty, see [18] for
s = 1 and [66] for s € (0,1). Here, a finite element 7, is either an interval
(m = 1), a triangle (m = 2) or a tetrahedron (m = 3). Then,

Vi = span{pp}al, C HY(T)  with gp(z;) = 6i;. (2.15)

The local Gram matrices (1.46) are given by

1
= A (146"
G (m+1D)(m+2) SRR

with diagonal parts

2
Dy= —— = AT,
T mt D(my2) Tt

Let e,,,, € R™*! denote the vector with e, = 1 for all k = 1,...,m + 1.
Then,

1
Gy = ) NAYR [Im+1 + €emi Qq—;+1} :

(m+1)(m+2

Therefore, all eigenvalues of the generalized eigenvalue problem
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Goxz = )\i-Dyz forz e RH!

are given by
1 1 .
A1 25(2—|—m), Ai = 3 fori=2,...,m+1. (2.16)

Hence we have
1

1
5'(De££) < (Gez,z) < 5(2+m) - (Dez,z) forallz e R™  (2.17)

and therefore Assumption 1.1 is satisfied with
1 1
§ = = c§:§(2+m).

Next we have to check Assumption 2.1 locally. For this we compute the sym-
metric matrix G7, see (2.7),

1

1
G = I DmTY

“Ag - A (2.18)
with

Ami1 = Hellms +§m+1§7—£7,+1]H[1 + H[I[Imﬂ +§m+1§7—2+1]H['

Hence to show (2.8) it is sufficient to consider the eigenvalues of the matrix
Am+1- Let
1 1
I e i
hk] hk

. (1s 7s
a = ( [ORRRRTY .

m—41

Note that

Obviously,
Ami1 = 2 Iy +ab' +ba’

is a rank 2 perturbation of the diagonal matrix 2 I,,,11. To compute the eigen-
values of _

A1 = ab’ +ba’

we first assume that @ and b are linear independent. Any eigenvector z of
Apn41 can be written as

z = aa+ (b

Then, the eigenvalue problem

Az = Az

is equivalent to the matrix eigenvalue problem
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m—+1 QTQ a\ X «
ala m+1)\p) “\B)
Hence the nonzero eigenvalues of Zm+1 are given by

Ao = m+1+4/(aTa)(b"b).

The eigenvalues of A,,,+1 are now given by

Mg =34mE [ B2 D" BT, Az == g1 = 20 (219)
keJ(t) keJ()

Note that this remains true when a and b are linear dependent. Then we have
hi = h for all k € J(¢) and

M =4, Aoveeo Amgr = 2.

This corresponds to the special case of a globally quasi-uniform mesh.
To ensure that the matrix A,,41 is positive definite we have to require

= i _ 72s 7 —2s
Ao i= 1y 3+m Z hi. Z hy, >0 (2.20)
keJ(£) keJ(e)

uniformly for all £ =1,..., N. Then, (2.8) holds with ¢y = %)\0.

Remark 2.6. In fact, (2.20) is a local mesh condition to be satisfied. Since hy,
is equivalent to the mesh size of all neighboring elements, (2.20) describes a
bound for the ratio of the volume of neighboring elements. Note that for a
globally quasi-uniform mesh we can set iy = h to get Ag = 2. Hence we have
stability as already proved for globally quasi-uniform meshes, see Theorem
1.8.

Remark 2.7. Taking the limit s — 0 in (2.20) we get A\g = 2 implying the
stability of the Lo projection in Lo(7) without any further condition. This
means, that the mesh condition (2.20) reflects the dependency of the Sobolev
index s € [0,1] in a natural way.

Next we will discuss a few examples illustrating the theoretical results
stated until now.

As a first example, for m = 1, we counsider the interval [0,1] which is
decomposed into N elements 7. For ¢ > 1 we define a geometrically refined
mesh by

-1
h = a hy = hqg_l, 1 =0, xyp1:=x¢+hy forld=1,... N.

gV -1’
(2.21)
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For m = 1 the mesh condition (2.20) reads

In what follows we will demonstrate, that the specific definition of the as-
sociated mesh size hy may not have any influence of the resulting stability
condition (2.20).

i. Averaging of local mesh sizes:

h for{ =1,
5 L, o2
hy = §hq' (14q) fort=2,...,N, (2.22)
hgV 1 for ¢ = N + 1.
Then,
N 1
h,@ 5(1+q) fOI‘£:27...7N,
h7 =
-l 1 for £ = N + 1,
A 1 for/ =1,
he

— 1 1
h’f 5(1-“6) fOI‘EZQ,...,N.

—(1+=)-hy < hy < 1(l—i-q)-he for all £ € I(k),
q

for{ =1,

1+gq
j 1
Ahz = - for{=2,...,N —1,
hett q

1

Ll for{ =N

2q
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7. Mass of basis functions:

1
gh for =1,
7 L1
he = ghq (14+q) fort=2,... N,
L No1
ghq for{ =N + 1.
Then,
1
i 5(14—(]) for{ =2,...,N,
¢ _
heor )1
ot 3 for{ =N +1,
1
i 3 for{ =1,
e_
he )1 1
-1+ - for{=2,...,N.

Hence we have for k =1,...,N +1

1 A 1
§~hg < hg < §(1+q)~hg for all £ € I(k).
Now,
1
——  forfl=1,
1+g¢q
h 1
Ahz = - for{=2,...,N —1,
heta q
1+a for/ = N.
q

Ao = mln{4—1+—(1+q)74__q’4 1;‘1_1—"1—(]} <0
from which we get
g < 1+V3
731. Minimal distance of associated vertices:
h for £ =1,
he = { hg'™'  forf=2,...,N,

hgVN™'  for¢ =N +1.
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Here we get

he

het1

for{=1,...,N —1,

1
= q

1 for £ = N.
The mesh condition (2.20) then reads

1
No=4—=-—q>0
q

implying ¢ < 2+ /3.

Next we consider an example for m = 2, in particular a triangulation of
the unit square 7 = (0, 1)? as constructed in [28, Example 2.1], see Figure 2.1.
The coarse mesh (L = 0) consists of 16 uniform triangles, at any refinement
step each triangle having a vertex on the left edge of 7 is cut into four new
triangles by connecting the midpoints of its edges. To avoid hanging nodes,
additional triangles are refined following the rules as given in [28]. In [28] it
was shown that this mesh violates the condition needed in [34] to ensure the
stability of the Lo projection in H(T).

Fig. 2.1. Mesh for L = 3 with M = 168 nodes

In Table 2.1 we give the computational results to find the constant Ay as
minimal value over all finite elements 7, for s = 1/2 and s = 1, respectively.
Here, L is the mesh refinement level, N is the number of finite elements and
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M is the number of vertices. We conclude that the L, projection on this mesh
is stable both in HY2(T) and H'(T), respectively.

L O]l 1|2]3]4 5 6

M 25 | 46 | 87 [168|329 | 650 [1291
N 32 | 68 | 140|284 |572 (1148|2300
s =1/2|2.00{1.95/1.92|1.88|1.88|1.88|1.88
s=1 12.00|1.82]|1.65|1.49|1.49|1.49|1.49

Table 2.1. Computational results for Ao.

Remark 2.8. In [26] it is shown, that a triangulation into right isosceles trian-
gles as considered in the previous example always satisfies the mesh condition
(2.20). This is due to the definition of h; by the minimal distance of associated
vertices, see (1.56).

Finally we consider an adaptive finite element mesh as shown in Figure
2.1 generated by an adaptive algorithm as described in [61]. In Table 2.2 we
give values for Ay as a function of the refinement level L and the number of
finite element nodes M.

Fig. 2.2. Adaptive finite element triangulation.
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o123 |4|5 6| 7|38 9
17 | 28 | 53 | 87 | 155291 |532|1034|2003
A0|2.00(1.93|1.59|1.52|1.52|1.66|1.61|1.09|1.49|1.50

2l
o0

Table 2.2. Computational results for Ao, adaptive refinement, s = 1.

Fig. 2.3. The dual finite element 7.

2.2 Dual Finite Element Spaces

In this section we consider a generalized L, projection éh defined by the
Galerkin—Petrov variational problem (1.67). Here we restrict our considera-
tions to the case m = 1 or m = 2. Let Vj, C H'(T) be the finite element
space spanned by piecewise linear nodal basis functions ¢, k =1,..., M, see
(2.15). To define the test space W, we use piecewise constant basis functions
which are defined with respect to a dual mesh of 7. To construct such a dual
mesh 7Tjs we proceed as it is usually done in finite volume methods, see for
example [35]. The dual finite element 7 associated with an interior vertex xy
of Ty is defined by the midpoints Z; of 7. For m = 2 we add the midpoints
of the related element edges to define 7y, see Figure 2.3. Note, that one has
to apply appropriate modifications when z; is a boundary node. Now,

N M
Ty = U T (2.23)
k=1

is the dual mesh of Ty. With respect to 7~7w we define the trial space
Wy, = span{yyp }2L, C Lo(T) (2.24)

of piecewise constant basis functions v, with support 7 for k =1,..., M.
The stiffness matrix of the generalized Lo projection @, defined by (1.67)
is given by
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Gulj, k] = (ors¥j)po(ry for k, £ =1, M. (2.25)
For each element 7, and using the finite element spaces V}, and W, as defined
in (2.15) and (2.24) we compute the local stiffness matrices Gy, see (1.61).
For m =1 we get, see (1.60) and (1.61),
10 ~ 1 31
e (01)’ Ge =g 4e (13>

Gy =

N |

and therefore

3 ~ 3
= (Dez,z) < (Gezyz) < = - (Dey,z) for allz € R 2.26
4 2 2
as well as 3
3 (Dyz,x) = (Goz,z) for all z € R?, (2.27)

Therefore, Assumption (1.2) is satisfied. To check Assumption 2.1 we compute,
as in (2.7),

1 Zl+22
~S . S S
= —-Ay- A hA,:= " N 2 1
GZ 6 Y ¢ Wit ¢ hi h;

L2
hs i

Hence we have to compute the eigenvalues of Ay, which are given by
hi  hj
)\1/2:6i Tl—FTQ form = 1.
hs — hi

For m = 2 we define the dual mesh locally via a reference element as shown
in Figure 2.4. Then we get

R 1 100 B 1 22 7 7
ngg'A[' 0].0 5 Gg:m'Ag' 7227
001 77 22
and therefore
5 ~
g (Dex,z) < (Gew,z) < 2-(Dex,x) forallz € R?. (2.28)
as well as .
2 (Dyz,z) = (Goz,z) forz e R (2:29)

Therefore, Assumption 1.2 is satisfied. Moreover,
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(0,1)

~ 7 5 $ 44 hs hs

G = — A A ith Ay = | 2+ — 243

R A T T A TR
hy | hi hy hy 44

The eigenvalues of Ay are

To summarize the results of this section, the stability assumption (2.6) is

satisfied if
\/Z hE Y b = e > 0 (2.30)

keJ(6)  keJ(e)

holds for all finite elements 7, with a global positive constant ¢y where
6 form=1,
R /7 form =2.

Note that the local mesh conditions (2.30) are weaker than (2.20) when using
piecewise linear test and trial functions.
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2.3 Higher Order Finite Element Spaces

In this section we consider the case when using finite element spaces of higher
order polynomials to define the Ly projection @ by a Galerkin-Bubnov ap-
proach. Without loss of generality we restrict our considerations to the case
s = 1. Due to the complicate structure of the local stiffness matrices Gy it
is in general impossible to get explicit conditions as in the case of piecewise
linear basis functions, see (2.20). Instead, one can approximate the minimal
eigenvalue of the symmetrized scaled mass matrix G’ZS numerically. Using a
geometrically refined mesh as defined in (2.21), we investigate the mesh con-
dition (2.6) for different trial spaces. Here we restrict our considerations to the
case m = 1, however, this approach can be applied for an arbitraryly given
mesh for m =2 or m = 3.

Let 7, be an arbitrary finite element of the geometrically refined mesh
(2.21) defined by its vertices z; and x¢41. Then, hy = |xp41 — x¢|. We will use
the parametrisation

T = {x(s) = x4+ %(s +1) (241 —x¢) forse[-1, 1]} .

Let p € N be a given polynomial degree which may be different on several
finite elements 7;. To define the local trial space V;(7¢) we use form functions
@) (x) = ¢’ (x(s)) which are defined on the parameter interval [—1, 1],

Vi(7e) :== Sp&ﬂ{g@%}?z07 dim Vj,(7¢) = p+ 1.

The local Galerkin stiffness matrix Gy, which is symmetric, is now given by

Gilik = [ pha(s)ella(e)de = she [ oh(s)o(s)ds.

Te —1

Computing the eigenvalues of D;ng we can check Assumption 1.1 while
computing the eigenvalues of

S 1

Gé ::5

[HGeH; "+ H; ' GoH|

we can investigate Assumption 2.1.

Lagrange Polynomials

Let us first consider the case when using Lagrange polynomials locally to
define the trial space Vj, (7). For piecewise linear basis functions (p = 1) this
was already considered in Section 2.1. For p = 2 the form functions are given
by
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0 L o 1 L o 2 2
pas) = 5(57=5), ¢als) = (s +5), wals) =15
For p = 3 we have

1

¢3(s) = 75(=95° + 95" +5 - 1),
1

w3(s) = E(9s3 +9s% — 5 —1),

1
03(s) = 1—6(2733 —9s% — 275 - 9),

1
©oa(s) = 175(—2753 — 952 4+ 275+ 9).

L L L L
1 05 0 05 1 1 05 0 05 1

Fig. 2.5. Lagrange polynomials.

In [34, Theorem 2] it was shown that the Lo projection Q) is stable in
H([0,1]) if
< CpalIl a< (14 p)? (2.31)
J
is satisfied. When using the geometrically refined mesh (2.21), this gives as

upper bound for g,
q < Co-(1+p)2. (2.32)

Now we will apply the theory developed here to investigate the stability of
the associated Ly projection @)p,. For this we have to compute the local mass
matrix G%, we obtain
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128 19 99 —-36

h 4oz h 19 128 —36 99
G2 =21 42|, G8=_"1 -
£ 30 £ 71680 | 99 —36 648 —81
2 216

—36 99 —81 648

Let D7 = diag G7. Then we compute the extremal eigenvalues of (D})~'GY
to get

_ 1 _ 5
Amin((D?) IG?) = 9’ )‘maX((D?) 1G?) = 1
1 ) ) 189
_ 3y—13y _ & 3y-13y _ 1Y
Anin (D) 1G) = 5, Anax (DD 71GY) = 1o

Therefore, Assumption 1.1 is satisfied. To investigate Assumption 2.1 we com-
pute the minimal eigenvalue for the scaled matrix (DY )*IG;7 . The diagonal
matrix Hy is hereby defined by using (2.22). For p = 1,2,3 we compute the
constant cg in (2.6) for different values of ¢. The results are given in Figure
2.6 and confirm the theoretical estimate (2.32). In particular, for increasing
polynomial degrees, a stronger geometrically refinement is allowed.

0.5 T T T T T

ol 4

01f 1

01 I I I I I

Fig. 2.6. Values of ¢y in (2.6) for varying q.
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Antiderivatives of Legendre Polynomials

Instead of Lagrange polynomials we now use antiderivatives of Legendre poly-
nomials to define the form functions ?(s), s € [-1,1],

1

P(s) =50 =8 #(s) = 5(1+5)

S

@I (s) = —2j_1/Lj,1(t)dt forj=2,...,p.

-1

Note that the piecewise linear form functions ¢° and ¢! define some global
basis functions while the higher order form functions are locally. Moreover,

the trial space V3 (7) is now defined hierarchically. As an example we consider
the form functions for p = 4, see Figure 2.7:

502(5) = 7’92 + 1,
©3(s) = =253 + 2s,
©l(s) = —bst + 657 — 1.

151

BN EO
!

05 F

15 F

1 1

-1 05 0 05 1

Fig. 2.7. Antiderivatives of Legendre polynomials, p = 4.

For p = 4 we compute the local mass matrix to obtain
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210 105 210 —84 0
105210 210 84 0

Gl = @10"”' 210 210 336 0 —96
—84 84 0192 0

0 0-96 0 256

Note that for p < 4 the Galerkin matrices GY are given by the related block
matrices in Gj. Let D} = diag GY. To investigate Assumption 1.1 we compute
the extremal eigenvalues of (D})~1GY:

p[Amin (D7)~ GY) [ Amax (D7) "' GY)
1 05000 1.5000
2| 0.1044 2.3956
3 01044 2.3956
4 00354 2.4256

Table 2.3. Numerical results for Assumption 1.1.

Therefore, Assumption 1.1 is satisfied. To investigate Assumption 2.1 for
the geometrically refined mesh (2.21) we compute the minimal eigenvalue of
(DY)~1GY for varying g, see Figure 2.8.

Now, the mesh parameter ¢ has to be decreased when the polynomial
degree p is increased.

2.4 Biorthogonal Basis Functions

The stability assumption (2.1),
(HgéZH[lge,gg) > ¢o - (Dezy,z,) forallg, € RMe

is trivially satisfied when GZ is a diagonal matrix. Then, ¢y = 1. Recall that
the local mass matrix Gy is defined by

Gelg,i] = (P60 1y fori,j=1,..., M.

For a given trial space V}, () we therefore have to find a biorthogonal basis
of Wy (7¢) such that

<90fa¢§>L2(q—£) =0 fori#j.

Biorthogonal basis functions are well established in the context of wavelet
approximations of boundary integral equations, see [56] and the references
given there. In [74, 75] they were adapted to Mortar finite element methods.
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05 T T T T T

03 q

02 1

01 :-"”T"»‘f:"*77~;,,;;_;>;;; -

01 I I I I I
1 15 2 25 3 35 4

Fig. 2.8. Values of ¢y in (2.6) for varying gq.

Here we will recall the definition of biorthogonal basis functions for m =1 to
illustrate how this approach fits into the general theory presented here. Let
Vi (7¢) the local trial space of piecewise linear form functions, see (1.45). Let
the finite element 7, be parametrized as

70 = {x(s) = zg+ s (wpr1 — ) forsel0,1]}.
To define V},(7¢) we have wﬁ(w(s)) = ,(s) using form functions given as
v1(s) = 1—3s, @a(s) =s forse0,1].

Now we have to find form functions 1); satisfying

S

1 .
/sﬁi(s)%(S)ds =3 8;; fori,j=1,2.
0
As in [74] we construct ¢; either as a piecewise constant or a piecewise linear

basis function, see Figure 2.9. For a piecewise constant basis function, a simple
computation gives
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1
g for s € [0, 5),
—3 for s € [571],
1 1
—5 for s € [0,5),
9(s) = 3 ) (2.34)
B fors € [5, 1].
|
|
1 P2 :
|
: ¥y i
|
|
|
1 ‘ 1 1 1
0 1 0 : 1 0 1
|
L

Fig. 2.9. Biorthogonal basis functions.

Now we have to check Assumption 1.2. Since Gy is diagonal, (1.62) is
trivially satisfied. To show (1.63) we compute G; to obtain

) hy 5-3
G, = L. .
t= (3 5)
3

bR (Dezgyz,) < (ée£z7£z) < 6 (Dezy,zy) forallm, € RM:

Then we get

and (1.63) is satisfied. For a piecewise linear trial function we obtain the form
functions
Vi(s) = 2—3s, 3(s) =3s—1 forsel0,1]. (2.35)
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R hy 21
G, = L.
£T 5 (-1 2)

3+ (Dezg,zy) < (Gezyozy) < 9 (Dezy,zy) for all z, € RM:.

Then,

and therefore

Hence, Assumption 1.2 is satisfied.
For higher order polynomial basis functions as well as for m = 2 we can
consider corresponding biorthogonal basis functions in a similar way, see [74].
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The Dirichlet—Neumann Map for Elliptic
Boundary Value Problems

By solving an elliptic second order boundary value problem with Dirichlet
boundary conditions the associated Neumann data are well defined. This
Dirichlet—Neumann map can be used to solve boundary value problems with
mixed boundary conditions (see Chapter 4) as well as in domain decomposi-
tion methods (see Chapter 5). The Dirichlet-Neumann map can be written
as

mu(z) = Syu(r) — Nf(x) forxel.

We will use a domain variational formulation (see (3.16)) as well as bound-
ary integral equations (see (3.40) and (3.55)) to describe and to analyze the
Steklov—Poincaré operator S and the Newton potential N f. Since both repre-
sentations are given implicitly, we have to define suitable approximations to
be used in practical computations. This is done by using finite and bound-
ary element methods leading to approximations having similar analytic and
algebraic properties.

The Dirichlet—-Neumann map was originally introduced in [2]; see also [55]
for a finite element approach and [44] for a coupled finite and boundary ele-
ment approach.

Let 2 C R" and n = 2 or n = 3 be a bounded domain with Lipschitz
boundary I' = 9f2 which is decomposed into non—overlapping parts I'p and
I'y. We assume meas,,_1 I'p > 0. As a model problem we consider a scalar
second order uniformly elliptic boundary value problem with mixed boundary
conditions of Dirichlet and Neumann type, respectively:

L(z)u(x) = f(z) for z € {2,
You(z) = gp(x) forx € I'p, (3.1)
mu(z) =gn(z) forx e I'y.

Instead of a scalar problem we may consider systems as well, then all fur-
ther assumptions have to be formulated in an appropriate way. We assume

O. Steinbach: LNM 1809, pp. 5370, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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fe HYQ), gp € HY/2(I'p) and gy € HY/2(I'y). In (3.1), the partial
differential operator L(z), x € §2, is given by

"9 0
Lota) = - 3 7o 050 5 u(o) (32)
with a;; = a;; € Lo(82), 4,5 = 1,...,n. L(-) is assumed to be uniformly

elliptic, in particular, there exists a positive constant ¢y independent of = € {2
such that for all z € 2,

n

> are(@)née > co- > for all € € R™. (3.3)
k=1

In addition, vo : H'(£2) — H/?(I') is the trace operator and the associated
conormal derivative operator v; is given by

n

yu(z) = Z nj(x)aﬂ(:r)%u(x) forx e I’ (3.4)

i,j=1

where n(x) is the exterior unit normal vector defined almost everywhere for
x € I'. For u,v € H'(£2) we define the symmetric bilinear form

which is bounded in H!(2),
la(u,v)| < ¢4 - [ul| zr1 ()| |v] |12y for allu,v € H'(£2). (3.5)
Now we can write Green’s second formula for u,v € H (),

a(u,v) = /Lu(x)v(x)dx+/71u(x)”yov(9:)d5x. (3.6)

Q r
Using (3.6), the variational formulation of the mixed boundary value problem
(3.1) is: find u € H'(02) satisfying you(z) = g(z) for x € I'p such that
atu) = [ f@p@dn+ [ gv(ahnlalds, (3.7)
n I'n

for all v € H'(§2) with yov(z) =0 for z € I'p.
Let

Hy(2,Ip) == {ve H(2) : yov(z) =0 forz€lp}. (3.8)
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From the uniform ellipticity (3.3) and using the Poincaré inequality we get
that the bilinear form a(-, ) is elliptic on H}(£2, I'p),

a(v,v) > b ||v\|%,1(9) for all v € Hy(£2,I'p). (3.9)

Now, using (3.5) and (3.9) we can apply the Lax—Milgram theorem to prove
the following result, see for example [52, Theorem 4.10]:

Theorem 3.1. Let the bilinear form a(-,-) be bounded and elliptic on the space

HY(2,Tp). Then the variational problem (3.7) has a unique solution u €
H($2) satisfying

oy < ¢ {1l + l9pllasvzm) + lonlla-zy } - (3:10)

Instead of the mixed boundary value problem (3.1) we also consider the
Dirichlet boundary value problem

L(z)u(z) = f(z) forxe 2, vu(z)=g(x) forzel (3.11)

to define an associated Dirichlet—Neumann map. Applying Theorem 3.1 there
exists a unique weak solution u € H'(§2) of (3.11). Hence, by (3.4) we can
compute the conormal derivative A\ := ~u. In what follows we prove that
A € H-Y2(IN), see also [52, Lemma 4.3]. For u € H'(£2) being the unique
solution of (3.11) we define the linear functional

m@:am&mf/mmmmm for w € HY?(I'). (3.12)
2

where £ : H'/2(I') — H'(£2) is a bounded extension operator, see Theorem
1.1. Using (3.10) we get

[{(w)| < e- {HgHHl/z(p) + ||f||ﬁ—1(())} . H’IUHH1/2(I") for all w € HI/Z(F).
(3.13)
Applying the Riesz representation theorem, there exists a A\ € H~1/ 2(I') such
that
N w) oy = L(w)  for allw € HY(I). (3.14)

Hence, the conormal derivative A € H~'/2(I") satisfies

/)\(x)w(x)dsw = a(ug + g, Ew) — /f(m)é‘w(x)dx for all w € HY/?(I').
T 2

(3.15)
By doing so, we have defined a map from the given data (f, g) to the associated
Neumann boundary data A := vju. In particular, for fixed f and varying

Dirichlet boundary data g = you we have defined a Dirichlet—Neumann map
which we may write as
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yu(z) = Sg(x) — Nf(z) forxel. (3.16)

Here, S is the Steklov—Poincaré operator and N f is some Newton poten-
tial. The mixed boundary value problem (3.1) is then equivalent to find the
Dirichlet data v with u(x) = g(z) for € I'p such that

gn(z) = nu(z) = Su(z) — Nf(x) forx € I'y. (3.17)

In Chapter 4 we will investigate the boundary integral equation (3.17) to
ensure unique solvability. Then we describe different discretization techniques
to solve (3.17) numerically.

3.1 The Steklov—Poincaré Operator

To define and to analyze the Steklov—Poincaré operator S used in (3.16), we
first consider the homogeneous Dirichlet boundary value problem

L(z)u(z) = 0 forze 2, ~vyu(x)=g(x) forzel (3.18)

where g € H'/2(I) is given. The variational problem is: find u € H'(£2) with
You(z) = g(x) for € I' such that

a(u,v) = 0 for allv € HY(2,T). (3.19)

Due to Theorem 3.1 there exists a unique solution u € H'(£2) of (3.19) and
we can compute its conormal derivative A(x) := yju(z) for x € I' almost
everywhere. Using (3.6) the related variational problem is: find A € H~/2(I)
such that

/A(w)w(m)dsm = a(u,Ew) for allw € HY*(I) (3.20)
T

where Ew € H'(£2) is a bounded extension of w € H'/?(I"), see Theorem 1.1.
Let g := Eg € H(£2) be a bounded extension of the given Dirichlet datum
g € HY2(I") and let us define the bounded bilinear form

b(w, p) = /w(x),u(x)dsm : HY*(I') x HY2(I') - R. (3.21)

Then we may write (3.19) and (3.20) as a coupled variational problem to find
(uo,\) € HY(0,T) x H=/2(I') such that
a(ug +g,v) =0

b(w, \) = a(up +g,Ew) (3.22)

for all (v,w) € H}(2,I") x HY?(I).
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Theorem 3.2. For any g € H'Y?(I') there exists a unique solution A €
H='Y2(I") of the coupled variational problem (3.22) satisfying

N -120my < e llgllae(ry- (3.23)

Proof. Applying Theorem 3.1 we first have that there exists a unique solution
ug € HL($2,T) satisfying

alug +g,v) = 0 forallve Hy(2,1)

and

ch
[luoll (o) < é N9l (2)-

Defining u := ug + g € H*(£2) we obtain, by applying Theorem 1.1,

C
ull i) < er-(1+ é) Mol ez ry-

It remains to prove the solvability of the variational problem to find \ €
H~'/2(I') such that

b(w,\) = (w, ),y = a(u,Ew) for allw € HY2(D).

By setting X := HY/2(I'"), IT := H~'/2(I") and B = I this corresponds to the
general situation as described in Theorem 1.2. Hence we have to check the
inf-sup condition (1.18). Since H~'/2(I") is the dual space of H'/?(I") with
respect to the Ly inner product, we therefore have

w, -
el gr-1r2(r) = sup N, s )| for all u € H=Y/2(I")

0£weHY/2(I") Hw||H1/2(F)

implying the inf-sup condition (1.18) with s = 1. Using Theorem 1.2 this
gives unique solvability of the second variational problem in (3.22). Moreover,
with

|<U), )‘>L2(F)| o G(UO +§7 gw)

||)‘||H*1/2(F) = sup = sup
0AweH/2(I) ||wHH1/2(I“) 0£weH/2(I") HwHHW(r)

A
c
<crr o ullmio) < cr-cser-(1+ c%) Mgl m
1
we get the estimate (3.23). O
By solving the coupled variational problem (3.22) we have defined a lin-
ear operator mapping some given Dirichlet data g = ~yu to the associated
Neumann data A = y1u,

Sg(x) == AMx) forxzel. (3.24)



58 3 The Dirichlet—Neumann Map for Elliptic Boundary Value Problems

In particular, by the Riesz representation theorem we have the identity
(Sg,w),(ry = b(w, ) forallw € H=Y2(I). (3.25)

From Theorem 3.2 it is obvious that S : HY/?(I") — H~'/%(I") is a bounded
operator with

ISgll-1r2ry < ¢+ lgllgzry  for all g € HY2(I). (3.26)
Let us define the function space
1/2 — 1/2 . —
HY2(r,Ip) = {v e HY2(I') : ypu(z) =0 forz e FD} (3.27)
where meas,,_1I'p > 0. Note that
Hy*(I, Ip) = HY*(I'y).

Now we can prove the ellipticity of the Steklov—Poincaré operator S on the
subspace Hé/Q (I, I'p), see also [2].

Theorem 3.3. The Steklov—Poincaré operator defined by (3.24) is elliptic on
1/2
HO (F7 FD)7

(Sv,v),ry = €f - ||v||ip/2(r) for allv € HOI/Q(F7 I'p). (3.28)

Proof. For an arbitrary but fixed g € Hé/Z(F, I'p) we have g(x) =0 for x €
I'p. Then, for a bounded extension g := £g € H(£2) we clearly have vyg =
g(z) = 0 for z € I'p and therefore § € H{(£2,I'p). The application of the
Steklov—Poincaré operator is then defined by solving the variational problem
(3.22). Note that ug € Hg(£2,I') and therefore u := ug + g € H}(2,Ip).
Inserting the definition (3.24) of the Steklov—Poincaré operator S into the
second equation of (3.22), we get, adding the first equation of (3.22) with
v=ug € H}(2,1),

<ngg>L2(F) = b(g,Sg) = a(uo +§7 g)
= a(uo + g, uo +9) = a(u,u) > cf - Hu”%{l((z)
by (3.9). Applying the trace theorem (Theorem 1.1) we have

gllzrzry = [oullmegry < er - lulla o)

which completes the proof. O

Up to now we only used a domain variational formulation to define and
to describe the Steklov—Poincaré operator S and the Dirichlet-Neumann map
(3.16). Since the Dirichlet—Neumann map is in fact a map from some given
Dirichlet data on the boundary I' to some Neumann data on I', a description
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of S by boundary terms only may be favorable in some situations. Hence we
will now consider boundary integral operators to define the Steklov—Poincaré
operator S.

We assume that there exists a fundamental solution U*(+, y) of the partial
differential operator L(-) in (3.18). This assumption is, for example, satisfied
when considering partial differential operators with constant coefficients, see
for example the discussion given in [54, p. 31f]. Using a direct approach based
on Green’s formula, the solution of the homogeneous Dirichlet boundary value
problem (3.18) is then given by the representation formula

u(z) = / U* (., y)mru(y)ds, — / @)U (&, y)ou(y)ds, forz € 2.

r r
(3.29)

Here, 71 (y) denotes the application of the conormal derivative operator with
respect to y € I'. To compute the yet unknown Neumann datum A(z) :=
yiu(z) for € I' we have to derive a suitable boundary integral equation. By
applying the trace operators 7; (¢ = 0, 1) to the representation formula (3.29)
we obtain a system of boundary integral equations, x € I,

lrT- K v
LA (). (3.30)
YU D 3I+K YU

Here, the boundary integral operators are defined for € I' in the standard
way, in particular the single layer potential operator

VA(z) = /U*(a:,y))\(y)dsy, (3.31)
T

the double layer potential operator

Ku(z) = / ()" (@, y)uly)ds, (3.32)
I

and the adjoint double layer potential

K\@) = [ (@)U (z,0)\0)ds, (3.33)
r

as well as the hypersingular integral operator

Du(e) = ~n(@) [ @U@ y)ulw)ds, (3:34)
r
The mapping properties of all boundary integral operators defined above are

well known, see e.g. [32, 33]. In particular, the boundary integral operators
are bounded for |s| < 1:
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v :H71/2+S(F) —)H1/2+S(F
K : HY?Ts(I') — HY?**s(r
K': H-Y24s(I) — H=Y/2s(D),
D :H1/2+S(F) N H_1/2+S(F).

Moreover, without loss of generality, we assume that the single layer potential
V is H=Y/2(I")-elliptic satisfying

),
)

)

(Vw,w)p,ry = ¢ w312y for allw e H™V3(I). (3.35)
The hypersingular integral operator D is assumed to be H'/2(I") semi-elliptic,

(Dw,w)r,ry > cf - Hw‘|§11/2(1—v) for all w € Hl/z(F)/R. (3.36)
Here, R is the solution space of the homogeneous Neumann boundary value
problem L(z)u(xz) = 0 in 2 and yju(xz) = 0 on I'. In fact, the ellipticity
inequalities (3.35) and (3.36) follow from the strong ellipticity (3.3) of the
underlying partial differential operator L(-). However, for n = 2 appropriate
scaling conditions are needed to ensure (3.35), see for example [32, 46].

Since the single layer potential V' is assumed to be invertible, we get from
the first equation in (3.30) the Dirichlet—-Neumann map

1
mu(z) = V_l(il + K)you(x) forx el (3.37)

Inserting this into the second equation in (3.30), we get an alternative repre-
sentation of the Dirichlet—Neumann map,

ule) = Drgule) + (51 + K'yyru()
= |D+ (%I+K’)V—1(%I+K) You(x). (3.38)

Asin (3.24) we can write the Dirichlet—Neumann map for the homogeneous
Dirichlet boundary value problem (3.18) as

mu(r) = Syu(z) forzel

using the Steklov—Poincaré operator
1
Syou(z) = V71(§I + K)vyou(x) (3.39)
1 o1, 1
=|D+ (§I+ K"V (§I—|— K)| you(x). (3.40)

Note that more alternative representations of the Steklov—Poincaré operators
by boundary integral operators are available, see for example [45]. However,
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here we will consider the symmetric representation (3.40) only. As it will
be seen later, this approach is almost similar to the approach when using a
domain variational formulation to define the Steklov—Poincaré operator.

Based on the mapping properties of the boundary integral operators used
above we can give alternative proofs of the mapping properties of the Steklov—
Poincaré operator S. In particular, S : HY/?(I') — H~'/2(I') is bounded,
see (3.26). Using the symmetric representation (3.40) we get by using the
H~'Y2(I')-ellipticity of the single layer potential V the spectral equivalence
inequality

(Sv,v) )y > (Dv,v)p,ry forallve HY2(I). (3.41)
Hence, using (3.36) we get
(Sv,v)p,ry = cf - ||U||§{1/2(F) for all v € HY?(I') /g, (3.42)
see Theorem 3.3. Note that using (3.26) and (3.36) we also have
(Sv,v)yry < ¢ (Dv,v)p,ry forallv e Hl/Q(F)/R. (3.43)

Hence, the Steklov—Poincaré operator S is spectrally equivalent to the hyper-
singular integral operator D. Note that the Steklov—Poincaré operator S is in
general given implicitly, while the hypersingular integral operator is given in
an explicit form. This becomes important when constructing preconditioners
for Galerkin discretizations of the Steklov—Poincaré operator, see for example
[27].

3.2 The Newton potential

To describe and to analyze the Newton potential used in the Dirichlet—
Neumann map (3.16), we will consider a boundary value problem with ho-
mogeneous Dirichlet boundary conditions,

L(z)u(z) = f(z) forxze 2, ~u(zr)=0 forxel. (3.44)

Its variational problem is: find v € H}(§2, ') such that

a(u,v) = /f(x)v(x)dx for allv € Hy(£2,1). (3.45)
7

Due to Theorem 3.1, there exists a unique solution u € Hg(£2,I") of (3.45)
satisfying

As before we can compute the associated conormal derivative A(x) := vy u(x)
for € I' by solving the variational problem
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/)\(a:)w(x)dsgC = a(u,Ew) — /f(x)é’w(ac)dw for allw € HY?(I"). (3.47)
r 2

As in Theorem 3.2 we have unique solvability of (3.47):

Theorem 3.4. For any f € ﬁ_l(ﬂ) there exists a unique solution \ &€
H~Y2(I') satisfying

H/\||H—1/2(F) <c- Hf”ﬁ—1(g) (348)

The proof is essentially based on the inf-sup condition for the bilinear
form b(v, p) == (v, ) 1,(r), see the proof of Theorem 3.2.
Hence, we can define the Newton potential

Nf(z) := =Xz) forxzel (3.49)

where A € H~1/2(I') is the unique solution of (3.47). Now, applying (3.48) we
have ~
INfllz-12ry < ¢ |Ifllg-rq forall fe H1(0). (3.50)

Now, instead of (3.45) and (3.47), we use boundary integral equations to
define the Newton potential N f. For the boundary value problem (3.44) the
representation formula is

u(z) = [ U(z,y)ANy)dsy + [ U*(z,y)f(y)dy forz € 2. (3.51)
/ /

To find the yet unknown Neumann datum A € H~2(I") we have to solve the
boundary integral equation

/U*(m,y))\(y)dsy = —/U*(x,y)f(y)dy forz eI (3.52)
r Q
If we define the Newton potential
Nof(a) = [ U(@.9)fw)dy fora e, (3.53)
2
we get by solving (3.52)
Mz) = =V INof(z) forzel. (3.54)
Therefore, the Newton potential N f used in (3.16) is given by
Nf(z) = =V 'Nof(x) forzeTl. (3.55)

Note that we may derive (3.50) by using the mapping properties of the single
layer potential V' and of the Newton potential Ny f.
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Since both the Steklov—Poincaré operator S and the Newton potential N f
and therefore the Dirichlet-Neumann map (3.16) are defined only implicitly,
namely by solving a variational problem in the domain or on the boundary,
we have to define suitable approximations S and N f to be used in practical
computations. Then, instead of the Dirichlet~Neumann map (3.16) we will
consider the modified Dirichlet Neumann map,

M) := Sg(z) — Nf(z) forzel. (3.56)
To define these approximations we use either a finite element approxima-
tion or a Galerkin boundary element approximation. We will show that both
approaches lead to stable approximations with similar properties. In par-
ticular, we have to ensure that the approximate Steklov—Poincaré operators
S : HY2(I') — H=Y/2(I") are bounded, elliptic on HY/*(I',I'p), and satisfy
an approximation property for ||(S — g)v||H—1/2([‘). In addition we need some
approximation property for the approximate Newton potential, in particular
for [[Nf — N f||g-1/2(r)- Then we can make use of the standard theory based
on the Strang lemma [29].

3.3 Approximation by Finite Element Methods

In this section we consider a stable finite element approximation~§ of the
Steklov—Poincaré operator S and a finite element approximation N f of the
Newton potential N f.

For g € HY?(I') the application Sg of the Steklov—Poincaré operator is
given by

(Sg,w)r,(ry = aluo +g,Ew) for all w € HY2(I) (3.57)
where ug € Hg(£2, 1) is the unique solution of
a(ug +g,v) = 0 forallve Hy(2,T). (3.58)

Note that § := £g € H'(§2) is a bounded extension of the given Dirichlet
datum g € HY/ 2(I'). To define a suitable approximation Sg we introduce a
finite dimensional trial space

X}, := span {¢x}2L, € H} (2,1 (3.59)

of piecewise polynomial basis functions which are zero on the boundary I'.
The Galerkin approximation of (3.58) is: find ug € X} such that

aluop +Gyvn) = 0 for all v, € Xp,. (3.60)

Applying standard arguments we get unique solvability of (3.60), the stability
estimate
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A
C. ~
|wo,nllm1(0) < c% gl ez 2 (3.61)
1
and the quasi—optimal error estimate
c5
lluo — wonllmr(0) < = - inf ||luo — vnllai (o) - (3.62)
A
€1 wvneXn

Now we can define an approximate Steklov—Poincaré operator S g by
<§g,w>L2(p) = a(ugp +g,Ew) for allw € HY*(I'). (3.63)

Theorem 3.5. The approximate Steklov—Poincaré operator S defined by (3.63)
s bounded,

H§9||H*1/2(I’) < 5 lgllgrzry forallg € HY(I) (3.64)

and satisfies the quasi—optimal error estimate

1S = 8)glla-s/a¢ry < ¢ inf.[luo — val 1o (3.65)

VR €Xp

where ug € HY(2,T) is the unique solution of (3.58).
Moreover, S is elliptic on Hé/z(ﬂ I'p),

(S9,9)ra(ry = 5 NolPpaairy for allg € Hy'*(I, I'p). (3.66)

Proof. Using the norm definition in H~Y2(I") by duality, we get with (3.63),
(3.5), (1.1) and (3.61)
‘<§ng>L2(F)| _ |a(u0’h+§7w)‘

||§9HH*1/2F = sup = sup
0 0#£weH/2(I) Hw||H1/2(F) 0£weH/2(I") HwHH1/2(F)

A
N C ~
< el o + 3l < ¢ e (14 25 3llmo
1

Now, (3.64) follows from the inverse trace theorem. To derive the error esti-
mate (3.65) we apply similar ideas to get

[(Sg — Sg,w)r, (1)l

I1(S — S)QHH—1/2(F) = sup
0#wEHY/2(I") Hw||H1/2(r)
qp 1o — U0, )]
ozwer2ry  |wllmzry

< i err - [luo — wo || m(e)

A
g
<cferr- % inf |luo — vnllmi(e)-
A
€1 wpeXy
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The proof of the ellipticity estimate (3.66) follows as in the proof of Theorem
3.3, note that ug ), € X, C HR(2,I). O

It is important to note that in the previous theorem we only assumed that
the trial space X;, C H}(§2,T") is conform, and to ensure convergence, has to
satisfy a certain approximation property.

It remains to consider a suitable approximation of the Newton potential
N f defined by (3.49). For this we consider the Galerkin equations of (3.45):
find w;, € X), C HY(£2,I') such that

a(up,vp) = /f(x)vh(m)dx for all v, € X),. (3.67)
7

As in (3.61) and (3.61) we have the stability estimate

—_

L P (3.68)
and the quasi-optimal error estimate
.
lu—unllaro) < - inf Ju—onllrr(0)- (3.69)
€1 vneXn

As in (3.47) we can define an approximate conormal derivative A € H~1/2(I")
satisfying

/X(m)w(m)dsz = a(uh,gw)—/f(x)é’w(ac)dx for allw € HY?(I") (3.70)
r Q
and the approximate Newton potential is given by

Nf(z) == —A(z) forz el (3.71)
Theorem 3.6. The approzimate Newton potential defined by (3.71) is bounded,

||j\7f||H*1/2(1") < c- ||fHH—1(_Q) fOT allf c H_l(Q), (372)
and satisfies the quasi—optimal error estimate

NN = N) fllgr-12(ry < ¢+ inf [Ju—vp][m1() (3.73)
vh EXp

where u € H}(£2) is the unique solution of (5.45).

The proof of Theorem 3.6 follows as the proof of Theorem 3.5, we skip the
details.

By using (3.63) and (3.71) in (3.56) we have defined an approximate
Dirichlet—Neumann map (3.56) using finite element methods to approximate
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both the Steklov—Poincaré operator and the Newton potential. Since we are
dealing with linear problems, we can combine both approximations S and N f-
Hence, the approximate Dirichlet-Neumann map, in particular, the approxi-
mate Neumann datum A\ € H~1/2(I") satisfies

/X(w)w(x)dsm = a(uon + Eg,Ew) — /f(x)é'w(x)da: (3.74)
2

r

for all w € HY/2(I') where ugj, € X; C HE(£2) solves

alug p,vp) = /f(a:)vh(x)dm —a(Eg,vp) for all v, € Xp,. (3.75)

Combining the error estimate (3.65) for the approximate Steklov—Poincaré
operator S and (3.73) for the approximate Newton potential N f we get an
error estimate for the approximate Dirichlet—Neumann map,

IX=Xlg-1r2¢ry < e+ inf [Juo — valla (@) (3.76)

VR EXh

3.4 Approximation by Boundary Element Methods

In this section we describe and analyze a stable boundary element approx-
imation of the Steklov—Poincaré operator S based on the symmetric repre-
sentation (3.40). For a given g € H'/?(I") the application Sg of the Steklov—
Poincaré operator given by (3.40) reads for x € I,

1 1
Sg(z) = Dg(z) + (51 + K’)V*1(§I + K)g(x)
1
= Dy(a) + (51 + K u(x)
where w € H~/2(I") is the unique solution of
1 _
(Vw,m)rory = (G1+ K)g, 7)ppry forallr € H V2. (3.77)
Note that, by using (3.39),
1
w=1V (§I+K)g = Sg.

To define an approximation S. g, let

Zy, = span{¢,}, ¢ H-Y2(I) (3.78)
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be a finite-dimensional trial space. The Galerkin formulation of (3.77) is: find
wy, € Zy, such that

1
<V’LUh,Th>L2(p) = <(§I+K)gvTh>L2(F) for all T € 4. (379)
Thus,
- 1
Sg(z) := Dg(x) + (51 + K wp(x) (3.80)

defines an approximation S. g of the Steklov—Poincaré operator Sg.

Theorem 3.7. The approximate Steklov—Poincaré operator S defined by (3.80)
s bounded,

189l r-172(ry < &5 - llgllepraqry for allg € HY?(I) (3.81)

and satisfies the quasi—optimal error estimate
1S = S)gllg-svary < e int 1S9 =millgvagry  (352)
Moreover, S is elliptic on Hé/z(F, I'p),
S 1/2
(89,9) Loy = Cf . ||9Hi11/2(1“) forallg € HO/ (I, Ip). (3.83)
Proof. Choosing in (3.79) 75, = wy, € Z), we get
1% 2
ot - wnllgery < (Vwn, wn) oo

1

= <(§I+K)g,wh>L2(F) < c-lgllgr2mllwnllm-172(m

and therefore
HwhHH*l/z([’) <c- HgHHl/z([‘).

Hence,

5 1
1Sl r-1/2(ry = [1Dg + (§I+K,)wh||H—1/2(F)

< - {llgllzrrzcry + Nwnllg-12ry } < € gl -

Applying standard arguments, in particular Cea’s lemma, we get for the
Galerkin solution wy, € Zp, of (3.79) the quasi-optimal error estimate

llw —wh|[g-1/2(ry < € Thifelgh llw = 7hllg—12(r)-

Then,
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~ 1
108 = S)gllzz=rr2ry = (G + K (w = wi)ll=2/2(r)

<clw—wpllg-r2ry < ¢ inf flw—7h|[g-120).
ThE€ZR
Using w = Sg, (3.82) follows. Now let g € Hé/2(F, I'p). Using the definition
(3.80) of Sg, the Galerkin formulation (3.79) and the ellipticity (3.35) of the
single layer potential we get

- 1
(89,9) Loy = (D9, 9) Lo (r) + <(§I + K" )wn, 9) 1(r)

1
= ((Dg, 9) Loy + ((wn, (§I+ K)g),(r)
= (Dg,9) L,y + Vwn, wn)r,ry = (D9, 9) 1,1

and (3.66) follows from (3.36). O

Note that the result of the previous theorem corresponds to the statement
of Theorem 3.5 in the case of a finite element approximation. In both cases
no further conditions on the definition of the trial spaces X; and Z; have to
be required, only some approximation properties have to be assumed.

Instead of the symmetric approximation (3.80) of the Steklov—Poincaré
operator we may use any other stable approximation, which is based on an
equivalent boundary integral representation of the Steklov—Poincaré operator
[63]. In particular, one can use a hybrid discretization [64] of

S = V—l(%HK)Vv—l =V lry—!

leading to a symmetric stiffness matrix or one can use a mixed discretization
[65] of
1
S = V*1(§I+ K),
which leads to a nonsymmetric stiffness matrix even for a self-adjoint operator

S. Note that in both cases appropriate discrete inf-sup conditions as described
in Chapter 2 are needed to ensure stability.

Let us finally consider a boundary element approximation of the Newton
potential (3.55). This is equivalent to find A € H~/2(I") such that

(VA ) Loy = —(Nofs i) rory  for all pe HV2(D). (3.84)

Hence, to define an approximate Newton potential N f we may consider the
Galerkin variational problem: find A;, € Zj; such that

(VAnsin) Lo(ry = —(Nofs pin)py(ry  for all pp € Zp,. (3.85)

Now we can define
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Nf(z) := M(x) € Z, € H-Y2(I). (3.86)
Applying standard arguments we get the stability estimate

INfllz-vey < e lIflla-so (3.87)

as well as the quasi—optimal error estimate

I = M)y < e ol A= nllgoaery  (389)

where A\ € H~'/2(I') is the unique solution of (3.84).

When solving the Galerkin problem (3.85) to compute the approximate

Newton potential N f = An, we need to evaluate the right hand side for
,Ll,h:l/}g andle,...,N

fo= - / elo) / U* (2, 9) (y)dydss.
I 2

Hence we need to have some triangulation of {2 as well. To avoid this drawback,
one can approximate the volume integral as follows: Let us consider the partial
differential equation (with constant coefficients)

Lu(z) = f(x) forxz e 2 (3.89)

whose solution is given by the representation formula for x € 2,

ulz) = / U* (2, y)yruly)ds, / (@)U (&, y)r0uy)dsy + / U* (2, 9) (4)dy.

I Ir 2

Applying the trace operator g gives

Nof(z) = (%1 + K)you — Vu(z) forz e I (3.90)
Note that (3.90) holds for any pair [you,y1u] of Cauchy-data where u is a
solution of the partial differential equation (3.89). Hence, to compute (3.90) it
is sufficient to have at least one particular solution u, of the partial differential
equation (3.89) to be inserted in (3.90). Instead of (3.89) we now consider the
extended boundary value problem

Lu(z) = f(x) forxze 2, u(zx)=0 forx e df, (3.91)

where 29 D (2 is some fictitious domain. Here, f € Ly(f2) is some exten-
sion of the given data f € Lo(£2), for example by zero. The unique solution
u € Hg(f2) of (3.91) is a particular solution %, € H'(£2) of the partial
differential equation (3.89). Using a finite element method to solve (3.91) nu-
merically we can define a suitable approximation of the Newton potential
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(3.90), in particular when inserting the finite element solution ;. Hence we
need to compute the traces of up on I' = 912 efficiently. Using a hierarchical
triangulation of the fictitious domain {2y we can solve the related finite ele-
ment system using multilevel preconditioners as well as we can find pointwise
values of the approximate solution efficiently. To approximate Vuy one can
use an Lo projection onto a continuous finite element space. For a complete
description of this algorithm we refer to [48, 62].



4

Mixed Discretization Schemes

In this chapter we will consider hybrid formulations for the mixed boundary
value problem (3.1) which are based on the Dirichlet—Neumann map (3.16).
The mixed boundary value problem (3.1) is obviously equivalent to the cou-
pled problem to find (u,\) € HY?(I') x H=/?(I):

Az) = Su(x) = Nf(z) forxel,
u(z) = gp(x) forx € I'p, (4.1)
Az) = gn(x) forx € I'y.

The standard variational formulation of (4.1) is: find u € HY?(I'), u(z) =
gp(z) for x € I'p such that

/ Su(z)u(x)ds, = / Nf@o(yds, + [ gx(@po@ds, (42

I'n

for all v € Hl/Q(F, I'p). Since the Steklov—Poincaré operator S is elliptic on
H)?(I', I'p), there exists a unique solution u € H/2(I') of (4.2). For prac-
tical computations, however, we have to replace both the Steklov—Poincaré
operator S and the Newton potential N f in (4.1) by some approximations S
and N f as introduced in the previous chapter. We assume in general, that
these approximations are bounded and satisfy some approximation properties.
Moreover, the approximate Steklov—Poincaré operators S are assumed to be
elliptic on suitable subspaces. Hence, instead of (4.1) we have to consider a

coupled problem to find (i, \) € HY2(I') x H=Y2(I'):

Naz) = Su(z) — Nf(z) forzel,
p(x) forx € I'p, (4.3)
N () forx € I'y.

O. Steinbach: LNM 1809, pp. 71-83, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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To derive hybrid discretization schemes for (4.3) one may consider either a
strong or a weak formulation of the Dirichlet boundary conditions in (4.3).
Note that the latter will lead to a formulation with Lagrange multipliers.

4.1 Variational Methods with Approximate
Steklov—Poincaré Operators

We start with considering the standard variational formulation for (4.3) by
including the Dirichlet boundary conditions in strong form and the Neumann
boundary conditions in a weak one. So we have to find & € HY/?(I') with
u(z) = gp(x) for x € I'p such that

/ Si(e)u(x)ds, = / f@po(@yds, + [ gx(@o@ds, (@4

I'n
for all v € H'/?(I") with v(z) = 0 for z € I'p.

Theorem 4.1. Let S : HY2(I') — H~Y/2(I") be bounded and elliptic on

1/2(F I'p). Then there exists a unique solution @ € HY?(I') of (4.4) satis-
fying the error estimate

1

la = @llagirary < =5 - (1165 = Sullar-acry + 1N = N fllgr-vaqry| (45)
1

where u € HY2(T) is the unique solution of (4.2).

Proof. Since the approximate Steklov—Poincaré operator S is assumed to be
bounded and elliptic, the unique solvability of (4.4) follows by applying the
Lax—Milgram theorem. So it remains to prove (4.5). Subtracting (4.4) from
(4.2) we get the variational equality

(Su— S, 0) 1,y = (Nf = Nf,0) oy for allv € Hy/*(I, I'p) .

Note that u —u € Hé/Q(F, I'p). Hence we have

b lu— 77”%{1/2([’) <A(S(u—u),u —u)r,r)

= (S = S)u,u—Wr,r) + (N = N)f,u— )

1S = S)ullgr-r/2(r) + (N — N)fI\H—lxz(r>] [lw = allgrr2r)

and the assertion follows. O
Therefore, in the case of a finite element approximation we get as resulting
error estimate by combining (3.65) and (3.73),
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lw—ullgrrery < ¢ inf ju—vnl|m(e). (4.6)
vh €Xh

When using a boundary element approximation for the Steklov—Poincaré op-
erator and the Newton potential, with (3.82) and (3.88) we get

lu =l | g2y < C‘Hglelfzh A = pall =12y (4.7)

Now we consider a Galerkin approach to solve the perturbed variational
problem (4.4). Let gp € H'/?(I") be an arbitrary but fixed extension of the
given Dirichlet data with gp(x) = gp(z) for € I'p. Then we have to find

tip € HY/*(I', I'p) such that
<§170,’U>L2([v) = <Nf+gN_§§D7v>L2(F) for allv € Hé/2(F,FD) (48)

Let
Xy, = span{gi}iL,  Hy/*(I, I'p)

be a finite-dimensional trial space, then the Galerkin variational problem of
(4.8) is: find g 5, € X}, such that

<§ﬂ0’h7wh>L2(p) = <J\7f + 9N — §§D,wh>L2(p) for all wy, € Xj,. (4.9)
Then, the Galerkin approximation of @ is defined by @, := ugn + gp-

Theorem 4.2. There exists a unique solution ugp € Xy, of (4.9) satisfying
the quasi—optimal error estimate

lu=tn|lgrrery < Cl'wig(h [(u=gp)=vnllm/2(ry+eo-lu=l|ga/2r)- (4.10)

where u € HY2(T) is the unique solution of (4.2).
Proof. Since the approximate Steklov—Poincaré operator S is elliptic on
HS/ 2(F, I'p), the unique solvability of (4.9) follows by applying standard ar-
guments. Moreover, there holds the error estimate

l[@o — to.nllgrr2ry < c- w}fg&h |[do — wallgrr2(ry -

Note that

[t — wrl| g2y = [do +gp — u+ (uw—gp) — wallgr2(r)
< |lu=ul[gr2ry + [[(w = gp) — whllg1/2(r)

and therefore

0~ Toallracry < el llagry + i, 116w =) = wnllnrce |-
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Now,
lw = |12y < llu—=llgrzpy + |[@ = @nll g1z
= |lu—allg1/2(ry + U0 — ol |2y

< (A +o) - flu—=ullgrzry + e inf |[(uw—=gp) = vnllgzm)- O
v €Xp

The Galerkin equations (4.9) are equivalent to a system of linear equations,
Shug = [, (4.11)
where the stiffness matrix is given by

Sull,k] = (Spr, 0e) () (4.12)

for k,¢ = 1,..., M. Note that the Galerkin matrix of the Steklov—Poincaré
operator S is given by

Sh[f,k] = <S(pk,<pg>L2(p) for k,gil,...,M

where the Steklov—Poincaré operator S is given either by (3.24) or by (3.40).
First we will describe the matrix representation of S, » when using the approx-
imate Steklov—Poincaré operator S as defined by the finite element approxi-
mation (3.63):

Using the approximate Dirichlet—Neumann map (3.74) to replace in (4.9)
the approximations S and N f, the Galerkin problem (4.9) reads: find @ €
X}, such that

a(ETop + EGip +uop, Ewn) — / F(@)Ewn(x)dss + / gy (@)wn(x)ds, (4.13)
n I'n
for all wy, € X}, where ugp, € )?h solves
a(uop + Euop, + EGp,vp) = /f(x)vh(x)dx (4.14)
Q
for all v, € Xj. For k{=1,....,M and i,j = 1,...,Mwe define
An,0.0lj,i = a(éi, ¢;),
An,rrll k] = a(Epr, Epu),
Ah,F,Q[j7 k] = a(‘g%plm ¢j)

as well as
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foy = / F(@)6;(2)dz — a(ETp. 6;).
2

fr = / F(@)E o)z + / on(@)pe(@)ds, — alEip, Eo0).
2 I'n

Then, the Galerkin equations (4.13) and (4.14) are equivalent to the linear

system
AnooAnre\ (w) ([f, (4.15)
Apro Anrr ) \ 4 Ir) |

Since the matrix A o o is invertible we can eliminate u, to get the Schur
complement system

An,rr — AZ,F,QAE}Q,QAMTQ} uy = i[" - A;,F,QA;:,b,Q,Q~ (4.16)

Note that (4.16) corresponds to (4.11), in particular,

SFEM = Aprr— Ap oAy 0.0Anre (4.17)

is the discrete Steklov—Poincaré operator based on finite elements.

Lemma 4.3. Let X), C HY/*(I', T'p). Then,

_ A2
(Spu,u) < (SFEMy u) < © CSIT - (Spu,u) for allu € RM < uy, € X3,
C1

Proof. For u € RM & uy, € X, C H3/2(F, I'p) we have
(S’VIE\EMQ7Q) = a(Eun + uop, Eup)

where g, € X;, C HE(£2) solves

a(ug,p + Eup,vp) = 0 for all vy, € X,
In a similar way we get

(Spu,u) = a(Eup, + ug, Eup)

where ug € Hg(£2) solves

a(ug + Eup,v) = 0 for allv € HY ().

Hence, _
alug,p,vn) = alug,vy) for all v, € X,

from which
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aluo,n, wo,n) < alug, up)

follows. Then,

(SFEMi, u) = a(Eup + ug,p, Eup) = a(Eup, Eup) — aluop, won)
> a(Eup, Eup) — alug,up) = alEup, + ug, Eup) = (Spu,u).

The upper estimate follows by using the positive definitness of Ay o o, the
boundedness of the bilinear form a(-,-) and of the extension operator £ and
the ellipticity of S:

(SFPMy, ) = (Ap,rru,u) — (A;f(LQAh,F,Q@a Aprou) < (Aprru,w)
= a(Eun,Eun) < & - |Eunllin oy < &' Gr - llullfe

= cicip/ct - (Sun,un)r,(ry = cacp/el - (Shu,u). O

Note that the spectral equivalence inequalities for 5{ EM and S}, hold for
an arbitrary choice of the finite element space X), C H}(£2) but depend on
the extension operator £ : HY/2(I") — H(12).

It remains to describe the (discrete) extension operator £ needed in the
computations above. Let X 5 C H'(£2) be a finite element space satisfying the
following matching condition: For each wy, € X}, there exists a wj, € X 5 such
that

wy(x) = wp(z) forzel (4.18)

and which satisfies the variational problem
a(W,vf) = 0 for all v} € X; N H(£).

In fact, Ewy, == wj, € X 5 is the discrete harmonic extension of the boundary
data wy, € X, satisfying

l|Ewn|lm(2) < err - |lwnl| g2y

Discrete harmonic extension operators are also used in the construction of
preconditioners in domain decomposition methods, see for example [42]. Note
that X; is an extension of the trial space X}, from the boundary I' to the
domain 2, see Figure 4.1. Especially, when the underlying mesh of the trial
space X matches the mesh of the trial space X3 on the boundary I', one can
use X; = Xj,. This corresponds to an interpolation of a coarse grid function
on the boundary by a fine grid function in the domain (2, see Figure 4.2.
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%

I
r
Figure 4.1: Figure 4.2:
Extension of a coarse Interpolation of a coarse grid function
grid function on the fine grid

To describe the stiffness matrix S, in the case of the approximate Steklov—
Poincaré operator (3.80) when using a boundary element method we have

- ~ 1
Snll, k] = (S, ve)ro(r) = <D<P1m<Pe>L2(F)+<(§I+K')w§,901%>L2(r) (4.19)

fork, 0 =1,..., M where w} € Zj, is the unique solution of (3.79) with g = .
Now we define for k,/=1,...,M and 4,57 =1,..., N,

Dyt k] = (Dor, 00) 1o(ry,  Knld, k] = (Kor, o) o),

Valg, il = (VYi, ¥i) oy, Muld, k] = (ks ¥5) Lo (r)-

Then the Galerkin matrix Sy, of the approximate Steklov—Poincaré operator
S defined by (3.80) is given by

~ 1 1
SPEM = Dy, + (§MhT + KJ)Vh_1(§Mh + Kn). (4.20)

Note that the stiffness matrix Sy, is symmetric and, due to (3.66), positive
definite whenever X C Hé/2(1", I'p) is satisfied. In particular we have the

following spectral equivalence inequalities, see [27, 45], which hold for an ar-
bitrary choice of Zj, ¢ H=Y/?(I"):

Lemma 4.4. Let X, ¢ HY?(I',I'p). Then,

D
T

S
&5

S(Shu,u) < (SPPMu,u) < (Spu,u)  for allu € RM & uy € X,
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4.2 Lagrange Multiplier Methods

In this section we consider a strong formulation of the Neumann boundary
condition in (4.3) while the Dirichlet boundary conditions are formulated in a

weak sense. Then we have to find & € HY/2(I') and X € H='/2(I'p) such that

/ Stu(z)v(z)ds, — / Ma)v(z)ds, = / z)dsgy + / N f(z)v(z)ds,

I'p

[ @nt)ds, =/¢mwmwmx

FD FD
(4.21)

for all v € HY/2(I') and p € H=/2(I'p). Defining the function spaces
X = HY*(I), 1T := H'*(Ip)

and the bounded bilinear forms

a(u,v) = /Su x)dsy : X x X > R

blu, p) := /u(x),u(x)dsw X xIIT—-R
I'p

the saddle point problem (4.21) corresponds to the abstract saddle point prob-
lem (1.13). Note that the linear forms are given by

mw:i m;/Nf s, : X 5 R
@m:/@mwm% TSR

It is easy to check that
V = kerB = HY*(I'Tp). (4.22)

The bilinear form a(-,-) is therefore elliptic on V' = ker B,

a(v,v) /Sv x)ds, > ¢ - ||’UHH1/2(F) for allv € V =ker B. (4.23)

Hence, to apply Theorem 1.2 it remains to check the inf-sup condition
(1.18) for the bilinear form b(-,-) as defined above.
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Lemma 4.5. The bilinear form
o) = [ oohula)ds, + HYA() x B (1)
I'p
satisfies the inf-sup condition (1.18) with vg = 1.
Proof. For an arbitrary but fixed p € H™Y2(I'p) we define u* € HY2(I')
satisfying
<U*7U>H1/2(F) = <:uaU|FD>L2(FD) for all v € Hl/Q(F)
Choosing v = u* € H'/?(I") we get
| Brsery = (s Wiry) Latrpy < Nl g-1rz oy |4 |72 () -
Since

* — . f < *
||U\I‘D||H1/2(FD) U6H1/2(11%)U‘FD:W ||UHH1/2(F) < lu ||H1/2(F)7

we conclude
ey < Hellg-1e )

On the other hand we have by definition,

<:u7 U>L2(FD)
sup T EE—
0#veHY/2(I'p) ||U||H1/2(FD)
, U
_ sup <M >L2(FD)

0£veHL/2(I'p) VeHl/"’z?“g - V|2
) D

HMHF[—1/2(FD) =

v
_ sup sup </.L |FD>L2(FD)
0ve H1/2(rp) Ve /(D) Vipy=v ||V Ilm12(r)
(u*7 V>H1/2(F)

= sup sup TV < || g2y
0#vEHY/2(I'p) VEHY/2(I'),V| [y =v || ||H1/2(F)

Therefore we have
w2y = il g-1zir)-

Now,
b(u* 1) = (Wipys W rarpy = w2y = N memllbll g1z,

implying the inf-sup condition (1.18). O
Applying Theorem 1.2 there exists a unique solution (u,\) € H'/2(I") x
H~Y2(I'p) of (4.21).
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Theorem 4.6. Let (u, \) € HY2(I') x HY/2(I'p) be the ezact Cauchy data
of (3.1). Then there holds the error estimate for the solution (u, \) of (4.21):

lJu— "NLHH1/2(F) +A= X||1§r—1/2(pD)
- N (4.24)
< ¢+ {1168 = Dullagvary + (N = M) fll-ss20r } -

Proof. First we note that (u, \) € HY/2(I")x H=Y/2(I"p) is the unique solution
of the saddle point problem

(Su, ) Ly (ry = (U, N Lo(rp) = (Vs GN) Lo(rn) T (N F,0) o)
(U, ) Ly(Ip) = (9D, 1) Lo(I'p)

for all (v, ) € HY2(I') x H=Y/2(I'p). Subtracting (4.21) from these equations
we get the orthogonality relations

(Su — S'vﬂ71)>L2(r) — (v, A — X>L2(F) =(Nf - ]\7f7U>L2(F)
<U—ﬂ,,u,>L2([‘D) =0

for all (v, ) € HY2(I')x H=Y/2(I'p). Defining up := u—u and Ag := A—\ we
get that (up, A\g) € H/?(I') x H='/?(I'p) satisfies the saddle point problem

(Sup, v)Ly(r) — (WA La(ry = ((S = S)u,0) oy + (NS = Nf, )y

= (
(Wp, 1) L) =0

for all (v, ) € HY2(I") x H=Y/2(I'p). Applying Theorem 1.2 this gives

ugllr ey + IAEN 172

< ¢ {lIS = S)ull—vary + 1N = M) fll g2y} O

Let
X, = span{gok}ﬁil cX= HI/Q(F),
I, = span{xg}fgv:l clIl= IA{T*I/Q(FD)

denote a pair of conforming trial spaces satisfying the discrete inf-sup condi-
tion,
b(vp, -
inf sup _bvnpn) > g >0. (4.25)
0#£un €My 0v,e X, ||Vl x| |pon|
To ensure the inf-sup condition 4.25 by Theorem 1.4 we need to have a
bounded projection operator P, : X — X}, satisfying
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(Pru, ,uh>L2(p) = (u,,uh>L2(p) for all pyp € Iy. (4.26)
Since I}, C f[‘l/Q(FD) we assume assume that IT;, C IT;, where
Iy = span{x¢}}_, € H-V*(I)

is a trial space defined on I'. Then we can chose P}, := @h : X — X}, defined
by

(@hu, ,Uh>L2(F) = <u, ,u,h>L2([') for all Wp € ﬁh. (427)
Note that we also need to have the stability estimate
||thv||H1/2(F) S ||U||H1/2(F) for allv € Hl/Q(F) (428)

to apply Theorem 1.4. Hence we have to define the trial spaces X and II}, as
discussed in Chapter 2. ~

The Galerkin variational problem of (4.21) is: find (up, Ap) € X x I,
such that

<§ﬁh7vh>L2(F) - <Uhaxh>L2(I‘D) = (U, N ) Lo (') T (N, Vh) Lo () (4.29)
(Uhs 1) Lo (1) = (9D, n) Lo (I'p)

for all (vp, pp) € Xp x II,.
Applying Theorem 1.3 there exists a unique solution (up, A\p) € X x I,
of (4.29) satisfying the following error estimate:

Theorem 4.7. Let (u, \) € HY2(I') x HY2(I'p) be the ezact Cauchy data
of (3.1) Then there hold the error estimates for the solution (up, An) of (4.29),

= Tallsray < e § int, ll = nllor
vhEXn (4.30)

118 = Syullir-1v2(ry + 1V = M) llzz-12r) }
and

A = Aull =12 () (4.31)

< { it = onllavacey + ot 1A= el |

ez {118 = Dullzr-vvary + NV = M) fll g1/ } -
Proof. Applying Theorem 1.3 we get

1= Tl gy < eaink 11T = onl g

IR~ Fallgraryy < 2 { g 17— ol

+ it = ooy |-
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Using

v;}g(h @ —vnllgr2ry < llu—1llgi2ry) + Uhig(h lw —vnll g2y,

uhigfh A= MhHﬁfl/z’(rD) <A- /\Hﬁfl/z’(pD) + m}ggh A= MhHﬁfl/z’(rD)

and (4.24) the error estimates follow by applying some triangle inequalities.
O

To this end we will reconsider the saddle point problem (4.21). Using the
approximate Dirichlet—Neumann map (3.56) which is defined via the finite ele-
ment approximation (3.74)-(3.75), we get from (4.21) the variational problem:

find @ € HY2(I'), A € HY2(I'p), ug € H(2, ') such that

a(uo + Eu, Ew) — b(w, A) = (W, gN) L, (ry) + (, EW) 1, (02)
a(uo + Eu,v) = (f,0) 1o(2) (4.32)
b(, p) = (9D, ) Lo (1)

for all w € HY2(I'), p € HY%(I'p) and v € Hg(£2). Since 4 := ug + Eu €
H'(£2), this is equivalent to find & € H'(£2) and A € H~'/?(I'p) such that

a(i, v) = b(v,A) = (f,0) 1o(2) + (9N V) Ly(Tn)

b(i, ) = (9D+ 1) Ly (I'p) (4.33)

for all v € H(£2) and p € H-'/2(I'p). Note that (4.33) is nothing else than
the standard variational formulation with Lagrange parameter as introduced
in [4, 15]. Note that in the discrete case the saddle point problem (4.33) can
be obtained only when using trial spaces X} and X, satisfying the matching
condition Xh = Xh\F-

To describe the linear system which is equivalent to the Galerkin saddle
point problem (4.29) we can use the stiffness matrix Sy, as given in (4.17) and
(4.20). In addition, we define a matrix By, by

Bh[k},é] = <(pkaX€>L2(FD) fOI‘kZl,...,M;gil,...,N.

Then, (4.29) is equivalent to

() G- ()

Using the finite element approximation (4.17) the linear system (4.34) can be
written as coupled system,

Apo0 Anro O
T T
Ay ro Anrr =By,

0 By, 0

(4.35)

I 8
Il
Q@ |~ I©
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Defining

A A ~ 0
YT e I AR I BT o
Ah,r,n An.r,r By, u

(4.35) is the same as
(‘,4]7‘ BJ) <,Lf> - <f> . (4.36)
B, 0 A g

Note that (4.36) is the discrete system of the standard saddle point formula-
tion (4.33).
Finally we consider the boundary element representation (4.20) for the

discrete approximate Steklov—Poincaré operator Sy. Then, (4.34) is equivalent
to

Dy + (M) + KV, H(GMa+ Kn) =B)\ (@
By, 0

>
~__—
Il
VR
Q |~
~
=
w
-

as well as to

Vi —iM,— K, 0 w 0
iM,] + K, Dy, -B, ul=1/f (4.38)
0 By, 0 A g

Note that (4.38) can be seen as Galerkin discretization of a two—fold saddle
point problem with an additional term defined by the hypersingular integral
operator.



5

Hybrid Coupled Domain Decomposition
Methods

In this chapter we consider the mixed boundary value problem (3.1) when
the domain (2 is given by a domain decomposition into p non-overlapping
subdomains,

p
=2 2n02;=0 fori#j. (5.1)
=1

We assume that the subdomain boundaries I; := 0f2; are Lipschitz each. For
neighbored subdomains (2; and 2; sharing either a common edge (n = 2) or
a common face (n = 3) we define local coupling boundaries as

fij =1;N Fj for i < J- (52)

The skeleton of the domain decomposition is given by

UF =rulJr. (5.3)

i<j

Instead of the mixed boundary value problem (3.1) we now consider local
subproblems to find weak solutions u; € H'(§2;) satisfying

Li(z)ui(x)
Youi(x) = gp
Viuz( ) gN

f(zx) for x € £2;,
gp(x) forzelpnIy, (5.4)
( ) forx e I'yvy N I;.

In addition to the boundary conditions in (5.4), the local Cauchy data
(véui, viu;) have to satisfy some transmission conditions on the local cou-
pling boundaries I75;,

Youi(z) = ui(x),  Yiui(@) +yiui(z) =0 forz e Iy (5.5)

It is worth to mention that the local subproblems (5.4) are well defined and can
be solved locally, when the Dirichlet data yju,; are given on the skeleton I's.

O. Steinbach: LNM 1809, pp. 85-115, 2003.
© Springer-Verlag Berlin Heidelberg 2003



86 5 Hybrid Coupled Domain Decomposition Methods

This observation motivates the following approach to determine v € H'/? (I's)
satisfying the Dirichlet boundary conditions u(z) = gp(x) for x € I'p as well
as the transmission conditions (5.5). Here, H'/?(I's) is a space of functions
defined on the skeleton I's equipped with the norm

» 1/2
[Vl g1r2irgy = {Z Ak (n)} . (5.6)

=1

Moreover,
HY(Is, ITp) = {v € HY2(I's) : v(z) =0 forze FD}. (5.7)

For given u € H'/?(I's) we can consider local Dirichlet problems
Li(z)ui(x) = f(z) forxz € 2, ~jui(z) = u(x) forx € I} (5.8)

and the Dirichlet transmission conditions in (5.5) are trivially satisfied. By
solving the local Dirichlet boundary value problems (5.8), in particular apply-
ing the Dirichlet—-Neumann map (3.16) locally, the associated Neumann data
are given by

Ai(z) = Siuir,(x) — Nif(x) forx € I (5.9)

which have to satisfy both the Neumann boundary conditions and the Neu-
mann transmission conditions,

Xi(z) = gn(z) forzel;NIy, XN(z)+Aj(z) =0 forxel;;. (5.10)

To derive variational formulations of the local subproblems (5.4) coupled by
the transmission conditions (5.5) we consider the local Dirichlet—Neumann
maps (5.9) together with either a weak formulation of (5.10) or a varia-
tional formulation of (5.8) with Lagrange multipliers. However, for a prac-
tical realization we have to replace the local Steklov—Poincaré operators S;
and the Newton potentials N;f in (5.9) by suitable approximations S; and
Z\7¢ f as introduced in Chapter 3. Hence we consider a coupled problem to
find 4 € HY?(I's) with u(z) = gp(z) for x € I'p, u; € HY*(I}) and
i € H-V/2(I;) such that

Ai(z) = Siui(x) — N;f(x) forxeI;

~(£U)=UF(ZB) for x € I, (5.11)
Ai(x) = gn(x) forxze ;N Iy, '
0=z )Jr)\() for z € I3;.

The global boundary value problem (5.4) and (5.5) is therefore reduced to
coupled Steklov—Poincaré operator equations on the skeleton of the domain
decomposition. The approximate Steklov—Poincaré operators are defined lo-
cally using suitable trial spaces, i.e. finite or boundary elements. For a global



5.1 Dirichlet Domain Decomposition Methods 87

discretization of the coupled problem (5.11), trial spaces for the Cauchy data
on the skeleton have to be introduced. It is obvious, that the local approx-
imations of the Steklov—Poincaré operators can be done independent of the
global trial space on the skeleton.

5.1 Dirichlet Domain Decomposition Methods

We first consider variational formulations for domain decomposition meth-
ods based on a strong coupling of the Dirichlet data, in particular, for
u € HY?(I's) we define

u;(x) := u(z) forax € I (5.12)

Then, the Dirichlet transmission conditions in (5.11) are trivially satisfied. For
the Neumann boundary and Neumann transmission conditions we consider a
weak coupling, in particular we require

/ Bola) + 3 (@)os; (2)dse = 0 for all vy, € HY?(I;)
I;
and
/ Bu(2) — gn(@)]on (@)dse = 0 for all vy € HY2(Ty).
IiNl'y

Taking the sum over a local subdomain boundaries I;; and the Neumann
boundary I'y gives

Z/)\ x)ds,; = /gN(a:)v(m)dsx (5.13)
I'n
for all v € Hé/z (I's, I'p). Using the local Dirichlet-Neumann maps in (5.11)

we get the variational problem: find w € H'Y/?(I's) satisfying u(z) = gp(z)
for x € I'p such that

Z/Su\p D)oy, (@)ds, = Z/Nf Do (@ds, + [ gx(a)uir, (@)ds,

= 1F I'y
(5.14)
for all v € HY/*(I's, I'p).
Theorem 5.1. [45] The bilinear form
a(u,v) = /Su|p x)vr, (v)ds, (5.15)

le
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s bounded,
la(, )] < & Nullggszro ol gy for allu,v € HY2(Is)  (5.16)
o 1/2
and elliptic on Hy'“(I's, I'p),
2
a(v,v) > c1 ||UHH1/2(FS) for allv € Hol/ (I's, I'p). (5.17)
The positive constants are given by c‘? = IIllin cfi, c§ = max cst.
i=1,..,p
Proof. Since all local approximate Steklov—Poincaré operators are bounded,

see Theorem 3.5 for a finite element approximation and Theorem 3.7 when
using boundary elements, we get

p
E S iUy ,U|F Lo(I
i=1 i=1

/2, p 1/2
< max 02 <Z| (p)) <Z| )
i=1

= nllaxpc2 el gz (r) 1Vl 172 rg) for all u,v € HY*(I's).

)

For u € Hé/z(f’s, I'p) we have u(x) = 0 for z € I'p. Since there is at least one
subdomain boundary I;- with I;- NI'p # @ we conclude ur,, € Hl/Z(Fi*)/Ri.
We can repeat this argument recursively to get u;p, € H 1/ 2(ry) /R, for all
i=1,...,p. Hence we have, using the symmetric representation (3.40),

<§¢U\PNU|Q>L2(Q) > (Diur,, uir,) Ly(ry) = €

Summation over i = 1,...,p gives (5.17). O
Therefore we have unique solvability of (5.14) due to the Lax—Milgram
theorem.

Theorem 5.2. Let u € Hl/z(Fs) be the unique solution of the coupled prob-
lem (5.9)-(5.10) and let u € H'/?(I's) be the unique solution of (5.14), re-
spectively. Then,

p
a2 ) < Z[Hs S0l /2y + I1N; = M) 1 2o,

i=1

(5.18)

Proof. First we note that u € H/?(I's) with u(z) = gp(x) for x € I'p satisfies

/ Sy ()1 m:g / F(@)oyr, (2)ds, + / on (2)0, 1y (2)ds.

le I'n
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for all v € HOI/Q(FS, I'p). Subtracting this from (5.14) we get the variational
equality

p p

Z(Slu — gia7U>L2(I’i) = Z(le — Nif7U>L2(Fi) for allv € Hé/z(Fs,FD) .
i=1 i=1
Using (5.17) for v:i=u—u € Hé/Q(FS, I'p),

p
||u_u||H1/2 (Is) SZ ’LL—U u_ﬂ>L2(Fi)

(8 = Sy = ) oy + (N = R fyu = @) oy |

M- i

< 3108 = Soullisrary + 10V = No)fll =0 | 1w = 22,
=1
P ) 1/2
< {Z[H Si = Si)ul| - w2y (N — Ni)fll - 1/2(r )} }
i=1
'HU—HHHUQ(FS). (]
Let

X, = span{ep} M, c HY*(I's, IT'p) (5.19)

be a global finite element trial space on the skeleton I's. By restriction onto
I; we also define local trial spaces

Xy = span{p} 2l . (5.20)

Obviously, for any gp}; € X ; there exists a unique basis function ¢, € Xj,
with ¢} = ¢ ;- By using the isomorphisms

M; M
M,; _ 3 M —
v, €RM v =Y ik € Xniy, vERM v = vrpy € X,
k=1 k=1

there exist connectivity matrices 4; € RM:*M gych that
v, =Av. (5.21)

Let gp € H'/?(I's) be an arbitrary but fixed extension of the given Dirichlet

data with gp(z) = gp(z) for € I'p. Then we have to find ug € Hé/Q(FS, I'p)
such that
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Z_p:/ sto|r, (2)vr, (x)ds, =
1p, = Z/ N;f(z) — Sigp(@)]v r, (x)ds, + /gN(x)U\FN(l'>dS$

1= 1F I'n
(5.22)

for all v € Hé/z (I's, I'p). The Galerkin variational formulation of (5.22) is:
find g, € X}, such that

/Suo h\F( Jonr, ()ds, =
i= 1F1
=S [ 15t @) = Sigo@lonin s + [ g @y @)ds.

i= 1F I'n
(5.23)
for all vy, € Xj,.
Note that (5.23) is uniquely solvable due to Theorem 5.1. The Galerkin
approximation of u is then defined by uy, := ug 5, + gp. As in Theorem 4.2 we
get the following error estimate.

Theorem 5.3. Let uw € HY/?(I's) be the unique solution of the coupled prob-
lem (5.9)-(5.10) and let U p, € X}, be its Galerkin approximation. Then there
holds the quasi—optimal error estimate

~ 2
=Tl ororyy < e inf (1= o) = onllursgry (5.24)

P
+oa- > [I(Si = S))
i=1

(Is)-

Based on the local trial spaces X} ; we can define local Galerkin matri-
ces §h,i of the approximated Steklov—Poincaré operators §2 as introduced in
(4.17) using a finite element approximation or in (4.20) when using boundary
elements. The global Galerkin stiffness matrix Sy, is then given by assembling
and we have to solve the linear system of equations,

p
Spu = ZA;rgh,iAiQ =f (5.25)
i=1

where the right hand side is given by the linear form in (5.23).
When using a boundary element approximation of the local Steklov—
Poincaré operator S;, we get as resulting error estimate,

= T loss gy < 1 inE (= 3) = enllossqry) (5.26)

+cy- Z inf ||Su‘p

Wh, i €2,
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The local stiffness matrices are then given by (see (4.20)),

_ 1 1
Shi = Dni+ (5 Mm+Km)Vm( Mp,i + Kh.i).

2
Inserting this into (5.25) gives

p
> Al Dn+ M,”+K,”)V (Mhl+Khl)]AZ = f (5.27)

which is the discrete counter part of the Galerkin problem (5.23). Defining

. 1
Vi = dlag(Vh,z’)f:p Wy th( Mp; + Ky, z)Az w = (%)?:1

as well as the assembled matrices

p p
1 1
_ E T A - . E il ) NA.
— 2 Al DhylA“ (QMh —+ Kh) = (QMh’l -+ Khﬂ)Al

i=1

we obtain a positive definite but block skew—symmetric system,

Vi —5 M), — Ky, w)y (0
(g 50 (0)-(0) e

Note that the local trial spaces Zj, ; C H’l/z(ﬂ-) can be defined independently

of the global trial space X}, C HS / 2(FS, Ip). For example, the global trial space
X}, can be defined by using piecewise linear continuous basis functions, while
the local trial spaces Zj,; are defined by piecewise constant basis functions
using the global mesh locally. However, it seems to be favorable to use local
trial spaces Zj, ; which are completely independent of the global space X},. This
may lead to more efficient and more accurate algorithms. For preconditioned
iterative methods to solve (5.28) efficiently, see for example [27, 59, 69]. Note
that, due to Lemma 4.4, the local matrices §h7i are spectrally equivalent to
the exact Galerkin matrices S, ; independent of the choice of the local trial
spaces Zp; C HY2(I).

Now we consider the case when using a finite element approximation of
the local Steklov—Poincaré operators. Then we get as resulting error estimate,

=@y < - int l@=G0) = el (5:29)

ey - Z inf ‘U*Uh,iH%Il(Qi)'

= 1Uh1€ h,i

Using the appr0x1mate Dirichlet-Neumann map (3.74) locally, i.e. replacing
the approximations S; and N; f in (5.23) and using local bilinear forms a; (-, -)
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related to the local partial differential operators L;, the Galerkin problem
(5.23) reads: find up j, € Xj, such that

p p
> ai(Eitio n+EiGptoni, Ewn) = Z/f(x)giwh(x)dx+/gN(l')wh(x)dSz
i=1 i=1g) I
(5.30)
for all wy, € X}, where ug p,; € Xp,; are unique solutions of
ai(uwo.pni + Eion + EiGp, Vi) = /f(;v)vh’i(x)da? (5.31)
2
for all vy, ; € )}h,i and ¢ = 1,...,p. Defining the local matrices

Anon2, [0 k] = ai($h, 00, Anr0.[l] = ai(Eipl, o))
for k,4=1,..., ]\Aj7 and j = 1,..., M; as well as local right hand side vectors
by
ZL’i = /f(as)w(m)dx —ai(Egp,¢Y) forl=1,... ,M;
Q

the local problems (5.31) can be written as
Ahygi,gigé —+ Ah,Fi,QiAiﬂo = iL’i for ¢ = ]., o, P (532)
For k, ¢ = 1,...,]\% we define
An,r,r [0 K] = ai(Eipl, Eipl)
= [ e+ [ gv)di@ds, - alEdp. )
0 I';y
Then we can write (5.30) as
(AT An.rr Astig + AT ALy o,ub) = D AT (5.33)
- i=1

=1

or
P P

TSFEM 4 ~ _ T ¢S,

E A; Sy Ay = g AN
i=1 i=1

Hence we have to solve a coupled linear system,

(Ah,Q,Q Ah,F,Q) (%)
T ~
Ah,F,Q Anp,r,r Uy

(5.34)

Il
7N
[~ [~

n o~
~
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Note that
Anp0,.0 = diag (An0, 0,)0_, -

Hence we can compute A,:}Q’ ¢, in parallel to get the Schur complement system

SEME, = [AhLF - AIT,F,QA}:,:LQ,QA’%Q} Uy = %= Al radi o of"
(5.35)
Note that (5.35) is the linear system associated with the Galerkin formulation
(5.23). The coupled linear system (5.34) corresponds to the standard system
in finite element domain decomposition methods, see for example [17, 41]. In
particular, the stiffness matrix in (5.34) is symmetric and positive definite.
Hence we can use the techniques developed in [17, 41] for an efficient solution
of (5.34) by a preconditioned conjugate gradient method in parallel. However,
in contrast to the standard approach, the degrees of freedom %, on the skeleton
are independent of the local degrees of freedom, u, within the subdomains.
Note that the local Schur complements §£?M are spectrally equivalent to
the exact Galerkin matrices Sy ; of the local Steklov—Poincaré operators (see
Lemma 4.3), and hence the same is true for the global Schur complements
§ FEM and Sh However, the coupled linear system (5.34) depend on the local
trial spaces X h,i (to solve the local Dirichlet problem) and X 5 . (to define the
discrete harmonic extension). We will come back to this problem in the next
section. There we describe an equivalent finite element domain decomposition
method which is based on the standard approach. Introducing a two—level
finite element space globally we can formulate a conforming method which
allows the use of non—matching grids locally. In particular, we describe how
to deal with the discrete extension operators used in the proposed approach.
Note that we may use a boundary element approximation of the local
Steklov—Poincaré operators in a couple of subdomains §2;, i = 1,...,q <
p, while for the remaining subdomains 2;, i = g+ 1,...,p, we use local
approximations by finite elements. The resulting linear system is then given
by assembling the discrete Steklov—Poincaré operators as given in (5.27) and
(5.35), respectively:

ZATS}?zEMA + Z ATsFEM “0 _ ZAT BEM Z AT FEJM

=1 i=q+1 i=q+1
(5.36)
In analogy to (5.28) and (5.34) we also consider the coupled system
Vh —%Mh — Kh 0 w Q
M+ K] D+ Anrr Alro | |3 | = | £7 |- (5.37)
0 Arnro  Anoo U iL

For efficient preconditioned iterative solution methods to solve (5.37), see
[61]. Note that (5.37) can be seen as Galerkin discretization of a variational
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formulation which results from a symmetric coupling of finite and boundary
element methods as introduced in [31].

5.2 A Two—Level Method

In this section we describe a two-level Galerkin discretization of (5.14) when
using finite elements. The coarse grid space introduced here corresponds to the
global trial space X}, used in (5.23) but the extension to the local subdomains
is already included in the definition of Xj,.

As a model problem we consider the Dirichlet boundary value problem

—diva(z)Vu(z) = f(z) forx e 2, ~u(x)=0 forxzel (5.38)

where the domain (2 is given by the non—overlapping domain decomposition
(5.1). We assume a(x) > ap > 0 for € 2. The variational formulation of
(5.38) is: find u € Hg(£2) such that

3 / ) V(@) Vo(e)ds — / F@)o(@)dz for allv € HA(D).  (5.39)

z=1Qi

Let X, C Hg(£2) be a global finite element trial space, then the Galerkin
formulation of (5.39) is: find up € X}, such that

Z/ x)Vuy(x)Vop(z)de = /f z)vp(x)dx  for all v, € X, (5.40)

119

Applying standard arguments, in particular Cea’s lemma, we get unique solv-
ability of (5.40) and the quasi—optimal error estimate

— < c¢- inf — .
o —unllzrey < e mf flu—wvallm )

In what follows we will construct a two—level trial space X; which is suitable
for the domain decomposition given by (5.1) and which allows the use of
non—matching grids locally. We first define a coarse grid space of piecewise
polynomial basis functions,

Xp = span{p} 2 C H(9). (5.41)
Then we consider a decomposition of X given by
P
X = Xus+ Y X (5.42)
i=1

with
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Xps = span{pp )02, Xmi := Xy N H(£2;) = span{p} };0). (5.43)

For every subdomain §2;, i =1,...,p, we then define local trial spaces
X, = span{@} }n, C Hy(£2) (5.44)

where we assume that Xz ; U X}, ; defines a stable basis locally. In particular,
we need to ensure that the local stiffness matrices Ay ; are invertible, see
(5.48). In general we have to distinguish two cases, see Figure 5.1 and Figure
5.2 in case of piecewise linear basis functions. There, B denotes the global
coarse grid nodes of Xy and e denotes the local fine grid nodes of X}, ;. In
Figure 5.1 we show the case, that the local coarse grid space is nested in
the local one, therefore X ; and X} ; define a nested hierarchical two-level
trial space locally, which is stable by construction. In a more general case
as depicted in Figure 5.2 the local coarse grid space Xp,; is non—nested in
the fine grid space X, ;. This may lead to an unstable basis, in particular,
when a coarse grid function can be represented approximately by the fine grid
basis. In this situation one may change either one of the trial spaces Xp ;
or Xp,; to get nested spaces, or one has to refine the coarse grid space Xp ;
simultaneous to the fine grid space. Note that the definition of X} ;, if Xp,
is given, does not influence the properties of the Schur complement matrix

NEEM (see Lemma 4.3), but we need to have unique solvability of the local

subproblems.

Figure 5.1: Figure 5.2:
Nested coarse grid space Non-nested coarse grid space

Then,
P

X = Xus+ D [Xui+ Xni C HY () (5.45)

=1
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is the finite element space to be used in (5.40). According to (5.45) we make
the trial )
up = upg + Z[U}u +up ] € Xy,
i=1
with
ug € Xms, UHi € XHi, Uni € Xpi((=1,...,p).

We define local matrices

Appall k] = /a(x)Vq%(;v)V(b%(x)dx fork,0 =1,..., M,
2

A mqll, k] = /a(z)ché(x)Vgo};(:r)d:c fork,=1,..., M,
£2;

Ap il k] = /a(x)w;;(x)w;(x)dx fork =1,....Myl=1,... M,
(P

i

aswell as for k=1,..., Mg

P

As sl k] = Z/a(m)chf(x)chf(x)dm fort{=1,..., Msg;
=19,

Asiilih = [ @ Vel @Voi@de  forj= L. My

£2;
Asyh’i[z7 k] = /a(;c)Vgof(a:)qu%(m)d:c for ( =1,...,M,.

2

The variational problem (5.40) is then equivalent to the system of linear

equations,

Ann Aun Asph Uy, I
A Ann As | | ug | = | £y (5.46)
A—Sr,h Ag,H As,s Ug is

Setting

Ann Abn Asp, f
A = ’ ’ , A = ’ , =" .
L,L (Ag,h AH’H> S,L (AS,H iL iH

the linear system (5.46) can be written as

AppAse\ (ur\ ([ /f;
Gl =) e
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where the u; = (uy,;);_; denotes the local degrees of freedom which are
separated within the subdomains §2;. The linear system (5.47) corresponds to
the standard system arising in finite element domain decomposition methods
[17, 41]. In particular, when using only the coarse grid space X g, our approach
coincides with the standard one. However, since we are using fine grid trial
spaces locally, this gives an improvement of the proposed method. Note that
this approach is a realization of the more general theory described in the
previous section. Hence we can apply the stability and error analysis developed
there. To see this, we eliminate in (5.47) the local degrees of freedom to get
the Schur complement system

[As,s — A AL As L ug = fo—ASLALLE, (5.48)

Note that (5.48) is equivalent to the Schur complement system (5.35). There-
fore, the linear system (5.48) represents a two—level finite element approxima-
tion of the variational problem (5.14). Hence we can apply the general theory
given in the previous chapter to get stability of (5.48) as well as an error
estimate as given in (5.29).

5.3 Three—Field Methods

Dirichlet domain decomposition methods as discussed in Section 5.1 are based
on a strong coupling of the Dirichlet data, and a weak coupling of the Neu-
mann data, see (5.13). However, by inserting the local Dirichlet-Neumann
maps into (5.13), the Neumann data were eliminated. In many applications,
however, one is interested to keep the local Neumann data as dual variables.
Starting from (5.14) we will describe a domain decomposition method, which
couples the local Cauchy data with the global Dirichlet data on the skele-
ton. This three—field algorithm, which corresponds to a two—fold saddle point
problem as described in Section 1.2, was first introduced in [24] in the context
of a finite element domain decomposition method.

Let us consider the variational problem (5.14) where for v € H'Y/?(I's)
we used the pointwise restriction (5.12) to define the localized function v; :=
vir, € HY*(I;). Instead of (5.12) we may use local trace operators

v o HY*(I's) — HY*(I;) fori=1,...,p. (5.49)

Then, the variational problem (5.14) reads: find & € HY?(I's), u(x) = gp(x)
for x € I'p, such that

> [ Bait@nisads, =i / oniol)ds: + [ gx(@o(ods,

i=1lp = I'y
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for all v € AHé/Q(FS,FD). For p; € H='/2(I7}) we can also define the adjoint
operator vy* : H=Y/2(I;) — H'/?(I's) satisfying

(ve™ i V) 1o(rs) = (i YoU) o(ryy  for allv € HY*(I). (5.50)
Hence we can write the variational problem (5.14) as follows: find u €
H'/*(I's) with u(x) = gp(x) for € I'p such that
P P

> 0 St v) Loy = D0 N V) Loy + 9NV 1aryy (551

i=1 =1

for allv € HS/ 2(FS, I'p). Since the variational problem (5.51) corresponds to
(5.14) in its continuous form, we have unique solvability of (5.51). However,
the bilinear form in (5.51) is a composition of three operators locally. In (5.20)
we have defined local trial spaces X}, ; by restriction of the global trial space,
in particular Xy ; = 7§ Xp. Then it was only necessary to discretize the local
Steklov—Poincaré operators gz Here we will retain the structure of the locally
composed operators. This allows us to introduce local trial spaces Xj,; in a
more general way.
For € H'Y?(I's) we define

ﬂi = 'yéﬂ € H1/2(D), Xz = 52171 - le S Hil/Q(FZ‘).

Considering the weak formulation of these relations, the variational problem
(5.51) finally reads: find u € H'Y/?(I's) with @(x) = gp(x) for x € I'p, U; €
HY2(I) and \; € H=Y/2(I}) such that

P
> 0 X V) La(r) = (9N V) Lo(r) (5.52)
=1
<§¢ﬁz’,vi>L2(m) - <Xz',vi>L2(n) = (N:f, Vi) Lo (1) (5.53)
(Wi, i) Lo (ry) — (V6T i) Lo(ry) =0 (5.54)

for all v € Hé/Q(FS,FD), v; € HY2(I;) and p; € H-'/2(I}). Let us define
the function spaces
P P
X = [[E8"*T1), m=][H VD), I := Hy*(I's, I'p)
i=1 i=1
and the bounded bilinear forms

p

a(u,v) = Z<Siui;vi>L2(Fi)7
p

bl(ﬂa H) = Z</Livvi>L2(Dﬁ)’

p
Do 0) 1= (1 ¥60) Lo(ry)-
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Then, the variational problem (5.52)—(5.54) corresponds to the two—fold sad-
dle point problem as considered in (1.26). Hence we have to check the assump-
tions of Theorem 1.5 to ensure unique solvability of (5.52)—(5.54).

To describe ker By we write

P
0= b2(ﬁ7 ’U) = Z</J,i7"yé’u>L2(Fi) = Z<Mi+uj’vlrij>L2(Fij) for allv € HQ.
i=1 1<j
Hence we have
ker By = {p €Iy : p;+pj=0o0nTIy,i<j}. (5.55)

Now we can characterize kerp, By. For p € ker By we have

p
0= bi(v,p) = Z(Mu%hxn)
i=1
p
= Z<M1avz>L2(FDﬁF) + Z lj'“UZ La(I5) + <‘LLJ’vJ>L2(F”)]
i=1 1<j
p
= (i vi) La(ronry + (10 = 0) a(ry) -
i=1 1<j
Therefore,

kerg,B1 :={v € X :v;(x) =0forx € I, N I'p,v;(z) = v;(z) for x € I};}.
(5.56)

Note that

kerp, By = Hy/*(I's, I'p) (5.57)
and we can conclude the ellipticity of the bilinear form a(-, -) on kerp, By. Now,
applying Theorem 1.5 we have unique solvability of the three—field variational
problem (5.52)—(5.54).

For a Galerkin discretization of (5.52)—(5.54) we introduce finite-dimensional

trial spaces,

X fHX;” with X, ; := span{cpj} 1CHI/Q( )5

=1
p .

Hl,h = HHl,h,i with Hl,h,i = span{x}}évzil C Hil/Q(Fi),
=1

Iy, = span{pp } L, € Hy/*(I's, Ip).

Let gp € H'/?(I's) be a bounded extension of the given Dirichlet datum gp.
The Galerkin variational problem of (5.52)—(5.54) then reads: find w5, € IIa p,

Ei,h S Xh,i7 Xi,h S Hl,h,i such that
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p

Z(’Yé’*:\ii,havh>L2(D) = <gN7Uh>L2(FN) (558)
=1

(Sii s Vih) La(r) — Nk Vi) (1) = (Nifs Vi) (1) (5.59)
<ﬁi,h7,ui,h>L2(Fi) - <Véﬁ0,h7m,h>L2(n) = <78§D7Ni,h>L2(Fi) (5-60)

for all v, € HQJH Vih € Xh,i, Wi h € Hl,h,i~

To ensure unique solvability and stability of (5.58)—(5.60) we apply The-
orem 1.6. Hence we need to have the inf-sup conditions (1.34) and (1.35) to
be satisfied as well as the ellipticity of the bilinear form a(-,-) on kerpg, B p
with

ker By j, = {Hh eIl : Z(ui,h + 14.h, Vn) Lo(ry,) = 0 for all vy, € 1Ty 1},
i<j
ker327hBl)h =

= {v, € Xj: Z /(,ui,hvi,h + 115,nv5,1)dsy = 0for allp, € kerBs j}.
i<ify,

Lemma 5.4. Let us assume
kerS; C Xh,i; ke’l"S,L"pi\pD C H27hu“i\['D. (5.61)

Then, the bilinear form a(-,-) is elliptic on kerp, n B1 p,

P
a(vy, vy) = Z<Sivi,h,w,h>L2(r,-,) (5.62)
i=1
>c- ||yh||§{1/2(ps) for allvy, € kerp, , By .

Proof. Let v; j, € kerS; N kerp, , B1,n- Due to the assumptions made above we
then have v; ;, € Iy, yielding v;;, = vj;, on Ij;. Applying these arguments
recursively we get v; ), € kerS; for some j with I'; N I'p # (). Hence, vj, ; =0
and therefore v, = 0. From this we can conclude (5.62). O

Let us now consider (1.34),

M=

(Ihis Vni) Lo (1)

3

Il
-

1
— g, llm < sup for all p, € I, . (5.63)
Ccs - !

07, €X7 lonllx

Lemma 5.5. Let the discrete inf-sup condition

1 (Hhis Vi) Lo (1

— Npnillg-12(r,) < sup bty L) ol Py € Iy g

¢s 0F£vh, i €Xn i ||Uh,i||H1/2(r,-)
(5.64)

be satisfied fori=1,...,p. Then, (5.63) is valid.
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Proof. For every pp; € 111 p,; we define Uf*ui = Qn,ilbh,i,

(Vhis Mh,i) Lo(ry) = (Qhibhis Mhi) Lo(r) = (Bhois Thii) H-1/2(17)
for all ny s € II1 p ;. Choosing . ; = pn,; this gives
||Nh,i||§171/2(pi) = (Wh,is Vhi) Lo (1)
as well as

p
iy | = S lnallsragry = brwnm,).

=1

Using duality,

‘<v;,i’ ni>L2(Fi)

||"U;«Zl |H1/2(m) = sup ‘
0#£n; € H—1/2(I%) ||77l||H*1/2(Fi)
(V5 s @ENi) Lo (1)
= sup
0%£n; €H—1/2(I%) ||77i||H—1/2(F1-)
(i @Mi) r-1/2(1y)
= sup < cs- ||Nh,i||H*1/2(I‘7z)'
ogmer-vzry  milla-12r)
Therefore,

p P
lonllke = D Monillecmy < & D Ninallli-segry = &l |,
i=1 i=1

and the assertion follows. O
It remains to justify (1.35),

(Khis Y60) Lo (1)

p
i=1

1
. lorllm, < sup for all vy, € I, . (5.65)
S

0#p, €111, ||Hh||171

Let IIy}, = 76H27h the restriction of the global trial space Il onto the
local subdomain boundary I;. Instead of (5.65) we now consider the local
inf-sup conditions

(Hh,i,Vh) La(1y)

for all v}, € Il ;. (5.66)
Mh,iHH*1/2(F,;)

1 .
— lpllarem) < sup
Cs 0F#pn,i €11 h,i

As in Lemma 5.5 the local inf-sup conditions (5.66) imply the global stability
condition (5.65). Hence we have to define, for a global coarse grid space IT p,
the local trial spaces X}, ; and II p; in such a way, that the discrete inf-sup
conditions (5.64) and (5.66) are satisfied, see Chapter 2.
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Let us define the Galerkin matrices
Shgi[fjaj] = <S’LSO;ﬂSO"7;>LQ(F7) j75:17aM1
Mh,i[&j] = <¢37X%>L2(F1) .] = 17 DR} M?vé = 17 ey Nz
Mh,i[& k] = <76§0k,XZ>L2(Fi) k=1,....M;¢=1,...,N;

locally as well as local vectors

Nk = (IN, Ok) Lo(I'y) k=1,...,M;
fi= (N:f, %) La(1) Jg=1,..., M;
giD,e = <76§D’Xé>L2(Fi) £=1,...,N;.

Now, (5.58)—(5.60) is equivalent to the system of linear equations,

0 My —M, A 95
~M] S, 0 al|l=1"7 (5.67)
My 0 0 Uy In

where for the discrete Steklov—Poincaré operator Sy we may insert either the
finite element representation (4.17) or the boundary element representation
(4.20).

For an efficient iterative solution of (5.67) we can adapt the approach
described in [16] to transform the block—skew symmetric and positive definite
stiffness matrix in (5.67) to a symmetric and positive definite matrix.

When assuming the stability condition (5.63) and

Mi = dithyi = dimﬂlyh’i = Nl fori = 1,...,p,

the local matrices M}, ; are invertible and we can first eliminate w in (5.67),
U = Mh_l {tho +QD}

to get

M}j—z = ghM{l [Mhﬂo —i—QD} —f
or " _ B _
A = My TSy M, Mytig + My, TSy M g — M S

Therefore we have to solve the Schur complement system
MM TS M MGy = g, — MM TS M g + MM T (5.68)

which is the three—field approximation of (5.51).
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5.4 Neumann Domain Decomposition Methods

In this section we consider domain decomposition methods which are based on
a weak coupling of the Dirichlet data and a strong coupling of the associated
Neumann data, see also [44]. For neighbored subdomains (2; and {2; with a

local coupling boundary Ij;,¢ < j we introduce functions Xij € H’l/z(ﬂ-j).
Then we define, for x € I,

Ni(z) = Nij(z) fori<j,  A(x) = —Ay(x) forj>i (5.69)
and _
Xi(z) = gn(z) forzel;NIy. (5.70)

Note that A; € H~/2(I}) when assuming Xij € H~'Y2(I3;). Obviously, the
Neumann boundary and transmissions conditions in (5.11) are satisfied for
this choice. Then the weak coupling conditions for the Dirichlet data are

Z /[ﬂl(m) — U (2)]pij(v)dsy = 0 for all p;; € H-Y2(I). (5.71)
<Iry

Since we are using p;; € H~'2(I;), we have to require
u; —ﬂj € f‘jl/2(f‘”) (572)

Note that this is a quite restrictive assumption, especially for n = 3. For
n = 2, (5.72) is equivalent to continuity at the cross points, while for n = 3
we need also continuity across the edges.

Let us define the function spaces

P
X = {v € HHI/Q(FZ-) tv;— vy € Iqlm(f'ij)?vi(x) =0forz e FD}(5.73)
i=1

II = ﬁH—l/Q(FmFN) < [TH*(T) (5.74)

i=1 i<j

which are equipped with the norms

» 1/2
llv]|x = {ZHWH?{I/?(D)} ) (5.75)
=1

1/2

p
HE”H = Z”H’i”?{—lﬂ(lﬂinplv)+Z||ﬂij||§{71/2([~m) . (576)
i=1

i<j

Moreover, we consider the bounded bilinear forms
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p

a(u,v) ==Y (Siui,vi)yry) + X x X > R, (5.77)
=1
P

b(y,ﬁ) = Z<ui7/,éi>L2(FimpN) + Z(Ui — 'Ujv/’cij>L2(Fij) : X x IT = R. (5.78)
i=1 1<J

Let gp € H'/?(I's) be an arbitrary but fixed extension of the given Dirichlet
data. Considering a weak formulation of the local Dirichlet-Neumann maps
in (5.11) together with the weak coupling conditions (5.71) leads to the vari-
ational formulation: find @, € X and E € IT such that

(Nif = SiGpsvi) 1o(1y)

NE

aliy, v) — b(v, A) =

- (5.79)

Il

b(@m /’L)

for all v € X and p € II. Note that

Vi=kerB = {veX : v(x) =vj(z) forz e I};} = Hé/z(FS,FD).
(5.80)
Hence we have

P
a(v,v) = Z(Siui,vi>L2(n) > ¢f - |ju)|% forallv € V. (5.81)

i=1

It remains to check the inf-sup condition (1.18) to get unique solvability of
(5.79).

Theorem 5.6. The bilinear form b(-,-) : X x IT defined by (5.78) satisfies the
inf-sup condition (1.18).

Proof. For an arbitrary but fixed u € IT we define u* € X as follows: For

i < jletuj; € HY 2(I3;) be the unique solution solution of the variational
problem

<u:j,vi‘j>ﬁ1/2(ﬁu) = <Mij7vij>L2(Fij) for all v;; € Hl/Q(Fij)
and let u7; = 0 on I5;. Note that
||Ufj||ﬁ1/2(p,.j) = |[wijllg-12(r,;) fori <.
For I; N I'y # () we define ui y € ﬁl/Q(Fi N I'y) such that

<u;k-,N’vi’N>I§1/2(l—'iﬁFN) = </1'ivvij>L2(Fij) for all Vij S Hl/Q(Fij)

Again,
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* j—
Hui,NHﬁlﬂ(anN) = ||Mi||H*1/2(F,;)~
Then we define

uj; () for z € I},

ui(z) = S ujy(@) forxelinly,
0 forxe I;NIp.
Note that
il ey = lluin + Zuf,jHHl/?(n)
J

< |lu nllar2 ey + Z ugi|l 2,
J

and therefore

|‘U:|‘i]1/2(ri) < ¢ ||U:,N||§11/2(pmp,v) +Z||ufj||§i/2(nj)
J

where the constant ¢; depends on the number of coupling boundaries locally.
Then,

P

b(u", 1) = Y (U N 1) Lo(runr) +Z/[uf(x) — () g () s,
i=1 i<j[‘ij
:Z Uj Ny i) Lo (1N ) +Z/ (@) pij(x)dsy

Z<]FI]

ZHU‘? N||H1/2 (I;NIy) +Z||U7JHH1/2(F

1<J
1/2
= ZHuZNHHl/Q (IiNTy) +Z||ufj||%1/2(pij)
1<j
. 1/2
Z HMH?[—l/z(FmFN) + Z ||Hij”i[—1/2(rij)
i=1 i<j

> ¢ lw e g llpllm

implying the inf-sup condition (1.18). O
Hence we have unique solvability of the saddle point problem (5.79) due
to Theorem 1.2.
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For a Galerkin discretization of (5.79) we introduce trial spaces
P P
Xy = HXh,ia 1, = Hﬂi,N X HHh,ij
i=1 i=1 i<j
with

- L
X, = span{gp?c},i\il C H,

/(I Ip),
II, Ny == span{x?N év:i’lN C H*1/2(Fi NIn),
M5 = span{x 1% € BHOVA(E).
Note that the definition of X} C X includes the compatibility condition
upi — un; € HY*(Iy) . (5.82)

The Galerkin problem of (5.79) is: find @, ; € Xj and A, € II;, such that

P
a@o,haﬂh) —b(v,Ap) = Z<Nif — SigDs Vi,n) Lo(1) (5.83)

i=1 .
b@o,haﬁh) =0

for all v, € X}, and M, € 1I,.
To ensure unique solvability and stability of (5.83) we will apply Theorem
1.3. Hence we have to establish the discrete inf-sup condition (1.25),

_ 1 a
Y5l llm < sup (Vi i) 1, rinry) + (vi —vj, i) 1, Iy
—h 0, € X, |[Unllx ; 2 ~) ; ! 2(1)
(5.84)
for all M, € 1I,.
As in Lemma 5.5 we can prove the following result, see, for example, also
[14].

Lemma 5.7. Let the discrete inf-sup conditions

! (Kh,ijs Vni) Lo (I
— Nlpniglla-r2nry) < sup et bala) (5 85)
°s 0F£vh,i €Xp, i NH/2(Iy;) ||vh71||H1/2(pij)
for all pp 5 € Iy, 35 and
1 (Hh,is Vn,i) Lo(rinr
_ H/’[’h7i||H’1/2(Fij) S Sup 3 ~Z 2( N) (586)
cs 0#£vh,i € Xn :NHY/2(INTy) ||vhviHH1/2(FimFN)

for all pp,i € II; N be satisfied. Then, (5.84) is valid.
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Proof. For simplicity in the presentation we consider the case I'v = @ only.
If I'v # 0, the additional terms correspond to the case considered for the
coupling boundaries I7;.

For ppi; € I, ;; and i < j we define vz,j(x) =0 for x € I'; and v}, ; €

Xhn,i nHY2( I;) satisfying

(Vhyis Mhoig ) Lo (1) = (Qhijlhigs Mhiij) Lo(Tiy) = (Hhyigs Mhig) H-1/2(1,)

for all ns5 € Iy ;5. Then,
sl Fr-1r2(ry) = (O s bhis) La(ry)

as well as

HEhH% = Z||Mh,ij||§{—1/2(pij) = Z<Uz,iaﬂh,ij>L2(ﬂj) = b(g*,gh).

i<j i<j
Using duality and the stability of @hﬂ-j we obtain
Wiz, < es - sl a-12cn;)

and therefore

i Be = 31005 By < & S Mmisliossagrs,y = & - lall

i<j 1<j

Now, the assertion follows. 0O

It remains to guarantee the discrete inf-sup condition (5.85). For i < j
we have to consider the trial space X}, ;; :== Xp,; N NHY2(T, ;). To define T}, ;;
we may first chose 1}, ;; = Xp, ;5. Then, @h,ij corresponds to the Lo projec-
tion operator Q, as defined in (1.64). The stability of Qp.i; : H2(I};) —
Xh,ij C ﬁ1/2(ﬂj) then follows from the local Assumption 2.1. In partic-
ular, when using piecewise linear basis functions to define the local trial
spaces Xy ;, the mesh criteria (2.20) has to be satisfied, see the discussion
and the examples in Section 2.1. Note that the stability results of @}L7ij
are valid for quite arbitrary meshes, i.e. we allow also adaptive and nonuni-
form meshes on the coupling boundary Ij; when the mesh assumption 2.1
is satisfied locally. The standard choice in Mortar finite element methods is
Iy, ;5 = Xh .ij where Xh 1, is modified as shown is Figure 5.3 for n = 2. To
ensure the stability of Qhw in this case we still have to consider the local
trial spaces V3(m1) and Vj,(7n) only. Note that the local trial spaces V3 (/)
for £ = 2,...,N — 1 correspond to the case already discussed above. Since
the dimension of the local trial spaces Vi (71) and V,(7n) are equal to one,
Assumptions 1.2 and Assumption 2.1 are trivially satisfied. Hence we obtain
stability of @, ;; in HY2( I;;) when (2.20) is satisfied. For n = 3 we can de-
fine a corresponding modification of the piecewise linear basis functions on
elements at the boundary of I7;.
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Figure 5.3: Local trial spaces X}, ;; and II}, ;5.

®1
T T T T T T T T T
T1 TN
(2
| | | |
| | | |
| | | |
| | | |
1 1 1 1 1 1 1 1 1 1 1 1 1
T T T T T T T T T
T1 TN

Figure 5.4: Local trial spaces X}, ;; and II}, ;;, dual basis.

Instead of piecewise linear basis functions to define II}, ;; we can also use
piecewise constant basis functions which are defined on the dual mesh, see
Figure 5.4 for n = 2. To get stability of Q5 ;; we can apply the results from
Section 2.2, in particular (2.30). For n = 3, see Figure 2.3. Note, that this
approach was also discussed in [49] assuming locally quasi-uniform meshes on
;.

Note that for the definition of the local trial spaces X, ; and II}, ;; we can
consider also higher polynomial basis functions as discussed in Section 2.3 or
biorthogonal basis functions, see [73] and Section 2.4. When using nonuniform
meshes, then one has to control the local mesh assumption 2.1 by computing
the eigenvalues of G5 (see (2.7)) numerically.



5.5 Numerical Results 109

5.5 Numerical Results

In this Section we first present some numerical results to illustrate the appli-
cability of the natural finite element domain decomposition method as intro-
duced in Section 5.1.

As a model problem we consider the Dirichlet boundary value problem

—diva(z)Vu(z) =1 forx e 2, ulx)=0 forz e df? (5.87)

where the domain {2 is given either by £2; = (0, 3)? or by 25 = (0,2)2. In case
of £21 the coefficient a(z) is given by (see Figure 5.5)

107%  for z € (0.5,2.5)%\[1, 2]?,
o (z) = ( AR (5.88)
1 elsewhere,
while in the case of {25 we have (see Figure 5.6)
1076 forxz € (0,1)2U(1,2)?,
asg(x) = 0,17V {12 (5.89)
1 elsewhere.
a=1 a=10"°
a=1
a=10"°
a=10"° a=1
a=1
Figure 5.5: Domain (2;. Figure 5.6: Domain (2.

Both examples are standard test examples for Mortar finite element meth-
ods, see [73, 74]. The fine grid in the domains with coefficient a(x) = 1076 is
constructed by Ly additional refinements starting from a global coarse grid
with L initial refinement steps, see Figure 5.7 and Figure 5.8 with L = 1 and
L, =3.
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Figure 5.7: Triangulation of (2. Figure 5.8: Triangulation of {2,.

The global trial space X} and all local trial spaces th,i are defined by
using piecewise linear basis functions. Since the coarse mesh is embedded in
the fine mesh along the interfaces, the data transfer between the coarse and
the fine mesh is realized by interpolation. In Figure 5.9 and Figure 5.10 we
plot the solutions obtained along the diagonals from the left lower corner to
the right upper one.

25000 8000

20000

15000

10000

5000

0 L L L L L L L 0 L L L L L
0 05 1 15 2 25 3 35 4 0 05 1 15 2 25 3

Figure 5.9: Figure 5.10:
Solution along the diagonal of 2;. Solution along the diagonal of (25.
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L Ly=0 Ly=1 Li=2 Ly =3 Ly=14
0 13 |273-1] 25 [1.84-1] 85 [1.09-1| 349 [6.22 -2| 1453 |3.60 -2
1| 57 |1.84-1| 117 |1.09 -1| 381 [6.22-2| 1485 |3.60 -2| 5997 |2.12 -2
2| 241 | 1.09-1| 505 |6.22-2| 1609 [3.59 -2| 6121 |2.12 -2(24361(1.27 -2
3| 993 | 6.22-2 | 2097 |3.59 -2| 6609 |2.12 -2| 24849 |1.27 -2|98193|7.75 -3
4| 4033 | 3.59 -2 | 8545 [2.12 -2| 26785 [1.27 -2|100129|7.75 -3
5(16257 | 2.12 -2 | 34497 |1.27 -2|107841|7.75 -3
6| 65281 | 1.27 -2 (138625|7.74 -3
71261633|(7.74 -3)
Table 5.1. Degrees of freedom and approximate error for 2.
' ' ' i_+:0 —
L4=2 %
g L+=3 -8
\\\\
01 *.. \'\x i
x k\\\
N f\\\\\
- \\*\\
001 F N \\ N
¥ S
10 1[30 1(;00 10[300 lOf;OOO
Figure 5.11: Error in energy for (2;.
L Ly=0 Ly=1 Ly=2 Ly=3 Ly=4
0| 5 |[2.79-1| 13 |3.22-1| 53 |1.87-1| 229 |9.86 -2| 965 |5.03 -2
1| 25 |3.22-1| 65 |1.87-1| 241 [9.85-2| 977 |5.01 -2| 3985 |2.53 -2
2| 113 |1.87-1| 289 [9.85 -2| 1025 |5.01 -2| 4033 [2.52 -2{16193|1.27 -2
3| 481 (9.85-2| 1217 |5.01 -2| 4225 |2.52 -2|16385|1.26 -2|65281(6.34 -3
4] 1985 [5.01 -2| 4993 |2.52 -2{17153|1.26 -2|66049|6.31 -3
5| 8065 |2.52 -2|20225(1.26 -2|69121(6.31 -3
6] 32513 1.26 -2{81409|6.31 -3
7(130561|6.31 -3

Table 5.2. Degrees of freedom and approximate error for (2;.
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L+‘:O —_—

0.1 |

1 10 100 1000 10000 100000

Figure 5.12: Error in energy norm for 2.

Since the exact solution is not known for both test problems, we estimated
an approximate error
€p — |uh — uh/2|E
by computing an approximate solution on a refined mesh with respect to the
energy norm

% = /a(x)\vu(x)ﬁdx in HL(,T).
2

The results are given for different values of L and L, in Table 5.1 and Table
5.2, see also Figure 5.11 and 5.12, respectively. Note that the number of degrees
of freedom is reduced drastically by maintaining the same accuracy when using
the approach described here.

As a second example we consider a model problem from linear elastostatics
in three space dimensions. The equilibrium equations are

—0ij(u,x) = 0 forze 2R (5.90)

In the homogeneous, isotropic case the stress—strain relation is given by
Hooke’s law,

Ev . FE
Uij (U, ZZZ‘) = m 62] leU(I) + melj (U, .'L’) (591)
with the linearized strain tensor
1] 0 1o}
eij(u,x) = 3 a—xiuj (z) + a—w]uz(:c) . (5.92)
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In (5.91), E is Young’s modulus and v is Poisson’s ratio; here we used E = 200
and v = 0.3.

Figure 5.13: Figure 5.14
Domain 2 C R3. Domain decomposition into 6 substructures.

The domain {2 is given as depicted in Figure 5.13. Note that 2 fails to
be a Lipschitz domain, see also [52]. But a simple domain decomposition as
shown in Figure 5.14 leads to substructures which are Lipschitz. Note that
a decomposition into two subdomains would be sufficient to obtain Lipschitz
substructures.

The boundary conditions are as depicted in Figure 5.15: The lower bar is
fixed at both ends while on the top of the upper bar a predescribed boundary
stress density is given.

9= (03 0» _0'2)T

W

Figure 5.15: Boundary conditions.

This mixed boundary value problem is discretized by a domain decompo-
sition approach using boundary elements as described in Section 5.1. Each
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substructure is discretized by 1536 boundary elements using piecewise con-
stant basis functions to approximate the local Steklov—Poincaré operators (see
Section 3.4, in particular (3.78)). To define the global trial space on the skele-
ton of the domain decomposition (see (5.19)) piecewise linear basis functions
are used. This leads to a system of linear equations as given in (5.27) where
the assembled stiffness matrix is symmetric and positive definite and the cg
scheme can be used as solver. The deformed body is shown in Figure 5.16.
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Figure 5.16: Deformed body with 6656 boundary elements.

5.6 Concluding Remarks

The main aim of this work was to construct stable domain decomposition
methods which are based on different discretizations locally. We did not focus
on efficient solution methods to solve the resulting linear algebraic systems
in parallel, and we did not consider a posteriori error estimators to drive
adaptive algorithms. However, our algorithms are especially designed to deal
with adaptive and nonuniform meshes, even on local coupling boundaries. For
an adaptive algorithm, we have to combine this approach with appropriate
a posterior error estimators for the approximate solution on the skeleton of
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the domain decomposition; and to estimate the finite and boundary element
approximations of the local Steklov—Poincaré operators.

Finally, a challenging task is the implementation of the proposed algo-
rithms for hybrid coupled domain decomposition methods in three space di-
mensions, including the coupling of finite and boundary element methods.
For parallel implementations of domain decomposition methods based on fi-
nite elements we refer, e.g., to [11, 40]. The software package ug is a general
finite element toolbox [5] which was used to implement also the Mortar fi-
nite element method in 2D, see [74]. The implementation of hybrid coupled
domain decomposition methods in 3D is an actual reasearch topic of several
groups. When these methods are available, they can provide a base for more
complicated algorithms for the numerical solution of boundary value problems
arising in, for example mechanical, applications.
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