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Introduction

Domain decomposition methods are a well established tool for an efficient nu-
merical solution of partial differential equations, in particular for the coupling
of different

• models, i.e., partial differential equations;
• discretization methods such as finite and boundary element methods;
• finite–dimensional trial spaces and their underlying meshes.

Especially when solving boundary value problems in complicated three–
dimensional structures, a decomposition of the complex domain into simpler
subdomains seems to be advantageous. Then we can replace the global prob-
lem by local subproblems, which are linked together by suitable transmis-
sion or coupling conditions. The solution of local boundary value problems
defines local Dirichlet–Neumann or Neumann–Dirichlet maps. Hence, in do-
main decomposition methods we need to find the complete Cauchy data on
the skeleton. This results in a variational formulation to find either the Dirich-
let or Neumann data on the skeleton, and the remaining data are determined
by the local problems and the coupling conditions. By solving local Dirich-
let boundary value problems we can define local Dirichlet–Neumann maps
involving the Steklov–Poincaré operator acting on the given Dirichlet data
and some Newton potential to deal with given volume forces. To describe the
Steklov–Poincaré operator locally we can use either a variational formulation
within the subdomains or we can use boundary integral equations to find
different representations of the Steklov–Poincaré operator. Since all of these
definitions are given implicitly, we have to define suitable approximations of
the local Steklov–Poincaré operators to be used in practical computations.
For this we may use either finite or boundary element methods locally lead-
ing to a natural algorithm for the coupling of finite and boundary elements.
Moreover, since these approximations are defined locally by solving Dirichlet
boundary value problems, the underlying meshes do not need to satisfy any
compatibility condition.

O. Steinbach: LNM 1809, pp. 1–5, 2003.
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2 Introduction

The coupling of locally different trial spaces is the main concern of this
work. In many situations, for example in case of geometrically singularities
or jumping coefficients, one would like to use local trial spaces defined on
adaptively refined meshes or of different polynomial degree, or a combination
of both. Then the problem arises, how to couple the local trial spaces to get
a stable approximation globally.

In [8], a new concept to couple standard finite elements and spectral ele-
ments was introduced; this approach finally leads to the Mortar finite element
method [9]. Introducing Lagrange multipliers as dual variables, a weak cou-
pling of the primal variables is formulated. Variants of this method are hybrid
coupled domain decomposition methods [3]; the hybrid coupling of finite and
boundary elements [43]; three–field domain decomposition methods [24]. Since
all of these methods can be formulated as saddle point problems, we need to
have a certain discrete inf–sup condition to be satisfied [21]. Using a criteria
due to Fortin [36], the discrete inf–sup condition is equivalent to the stability
of an associated L2 projection operator in H̃1/2(Γij) where Γij is the local
coupling boundary of the subdomains Ωi and Ωj . For globally quasi–uniform
meshes, the stability of the L2 projection operator follows from appropriate
error estimates and the use of the inverse inequality. However, for locally qua-
siuniform meshes such an approach is not applicable. One way out is the use of
discrete Sobolev norms [14, 73]. Another possibility is to prove the stability of
the L2 projection operator directly in the scale of Sobolev norms. In [34], the
required stability in H1 was shown for nonuniform triangulations in one and
two space dimensions satisfying certain mesh conditions. The analysis is based
on decay properties of the L2 projection and results in conditions which de-
pend on the global behavior of the mesh. In a recent paper [18] we proved the
H1 stability of the L2 projection onto piecewise linear finite element spaces
for arbitrary space dimension. In this case we can formulate explicit local
mesh conditions which can be checked easily for a given finite element mesh.
This approach can be extended to more general situations, i.e. when using
higher order polynomial, dual and biorthogonal basis functions. Biorthogonal
basis functions were introduced in [75] to prove the stability of the Mortar
finite element method. We will show that biorthogonal basis functions fit in
the approach presented here. In the recent literature [7, 13, 49] there is a
special emphasis on the numerical analysis of Mortar finite elements in three
space dimensions. Using the general approach described in this monograph
we are able to design appropriate Lagrange multiplier spaces to be used in
hybrid coupled domain decomposition methods. We prove stability estimates
for quite general trial spaces assuming only some mild conditions on the un-
derlying mesh. Moreover, by computing some local mesh parameters one is
able to control the formulated stability criteria.

Note that the Mortar finite element method is applicable to couple non–
matching grids and local trial spaces of different polynomial degree. Another
approach to couple locally non-matching grids without the use of Lagrange pa-
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rameters is based on a domain decomposition formulation with local Dirichlet–
Neumann maps. Defining a global trial space on the skeleton, a Galerkin vari-
ational problem is formulated for the assembled Steklov–Poincaré operators
which correspond to the solution of local Dirichlet boundary value problems.
Therefore, an approximation of local Steklov–Poincaré operators is only de-
fined by using local degrees of freedom. When using a boundary element
method we need to approximate the conormal derivative, when using a finite
element method we need to approximate the solution of a Dirichlet boundary
value problem in interior nodes. Since both trial spaces are locally, no compat-
ibility conditions are required. This results in a natural domain decomposition
method [68]. For solving a Dirichlet boundary value problem using finite el-
ements we have to extend the given Dirichlet data from the boundary to
the domain. In case of nested trial spaces, this can be done by interpolation,
otherwise one may use a two–level method globally.

The discretization of several domain decomposition algorithms discussed
here leads to linear algebraic systems, where the stiffness matrix is in gen-
eral positive definite, but either symmetric or block skew–symmetric. Hence,
for an efficient iterative solution in parallel, one needs to design special algo-
rithms and almost optimal preconditioners to be used. Note that we will not
focus on this topic here, but we refer to [11, 17, 41] for finite element domain
decomposition methods; to [14, 38, 70, 74] for multigrid methods for Mortar
finite elements; to [27, 51, 60, 69] for boundary element domain decomposi-
tion methods; to [16] for positive definite and block skew–symmetric linear
systems.

In this work, our main focus is on the formulation and on the stability
analysis of hybrid coupled domain decomposition methods. In Chapter 1 we
review the definition of Sobolev spaces and give an overview about variational
methods for saddle point problems. In particular we discuss a two–fold saddle
point formulation. After introducing some notations for finite element spaces
we define several L2 projection operators by Galerkin–Bubnov and Galerkin–
Petrov variational problems. To prove the stability of these operators we need
to have a bounded projection operator providing local error estimates. For
this we recall the definition of quasi interpolation operators from [30].

Based on the equivalence of different stability estimates, and assuming
the positive definiteness of a scaled Gram matrix, we prove in Chapter 2
the stability of the L2 projection in Hs for s ∈ (0, 1]. Then we investigate
the required positivity assumption on the scaled Gram matrix by computing
its minimal eigenvalue. For piecewise linear finite elements this results in an
explicit and easily computable formula. When using higher order polynomial
basis functions it is in general impossible to compute the minimal eigenvalue
of the scaled Gram matrix in an explicit form. However, for a given mesh we
can compute the eigenvalues numerically. We will illustrate the applicability of
this approach by using Lagrange polynomials and antiderivatives of Legendre
polynomials as local basis functions.



4 Introduction

In Chapter 3 we introduce the Dirichlet–Neumann map and define the
Steklov–Poincaré operator and the Newton potential by solving related Dirich-
let boundary value problems. A first approach is based on a variational formu-
lation using the Dirichlet bilinear form, the second one is based on a symmetric
representation of the Steklov–Poincaré operator by using boundary integral
operators. Using these representations we obtain results on the mapping prop-
erties of the Steklov–Poincaré operator. Since the Steklov–Poincaré is defined
via the solution of a Dirichlet boundary value problem, we have to introduce
suitable approximations. According to the definitions we use either a finite el-
ement method in the domain or a boundary element method on the boundary.
Both lead to stable approximations of the Steklov–Poincaré operator. Apply-
ing the same ideas we can approximate the Newton potential and therefore
we obtain an approximate Dirichlet–Neumann map.

This approximate Dirichlet–Neumann map is used in Chapter 4 for the
numerical solution of mixed boundary value problems. The trial space for the
unknown Dirichlet data on the boundary is in general independent of the trial
space used to approximate the Steklov–Poincaré operator. In a first approach
we eliminate the Neumann data while in a second approach we keep the
Neumann data as an unknown function in the variational formulation. This is
then equivalent to variational formulations using Lagrange multipliers [4, 15].
When using a compatible trial space to approximate the Steklov–Poincaré
operator by finite elements, this discrete Steklov–Poincaré operator coincides
with the Schur complement of the standard finite element method.

In Chapter 5 we use the same ideas to formulate hybrid coupled domain
decomposition methods. Using a global trial space on the skeleton and elimi-
nating the Neumann data by a weak coupling condition across the local inter-
faces, this gives a variational formulation of the assembled Steklov–Poincaré
operators. To approximate the local Steklov–Poincaré operators, we can use
trial spaces, which are independent of the trial space on the skeleton. Espe-
cially when using finite element approximations of the local Steklov–Poincaré
operators, we obtain a method, which includes the coupling of non–matching
meshes in a natural way. For a more practical approach we can formulate this
method as a two–level algorithm consisting of a global coarse grid space and
local fine grid spaces. To be more flexible, one may introduce an additional
trial space for the primal variable locally. This leads to a three field domain
decomposition method [24] which can be analyzed as a two–fold saddle point
problem. To ensure stability, we have to define appropriate trial spaces satis-
fying the stability conditions as formulated in Chapter 2. When using a strong
coupling of the local Neumann data, i.e. using a formulation with Lagrange
parameters, we obtain a Mortar finite element method. Using the theory on
saddle point problems we can ensure stability and convergence, when the trial
spaces are chosen in an appropriate way. To illustrate the applicability of the
proposed natural domain decomposition method we describe then a simple
numerical experiment. We consider two model problems with jumping coeffi-
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cients requiring a heterogeneous discretization within the subdomains. Finally,
to describe a more practical situation, we consider a three–dimensional prob-
lem from linear elastostatics, where the domain is non Lipschitz. A domain
decomposition leads to local subproblems where the substructures are Lips-
chitz domains. The local Steklov–Poincaré operators are then discretized by
a symmetric Galerkin boundary element method.
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1

Preliminaries

In this chapter we summarize some results which are needed frequently in
the succeeding chapters. In particular, we give a brief introduction to Sobolev
spaces, for a detailed presentation, see for example [1, 52, 53]. Following [21]
we then describe abstract results for the variational solution of saddle point
problems, see also [57]. Then we summarize some basic definitions and proper-
ties of general finite element spaces and their underlying triangulations. Using
Galerkin–Bubnov and Galerkin–Petrov variational formulations we introduce
L2 projection operators onto finite element spaces. To prove the stability of
these operators in a scale of Sobolev spaces we need to have projection op-
erators which are stable and admit local error estimates. Following [30] we
introduce quasi–interpolation operators which satisfy both of these require-
ments.

1.1 Sobolev Spaces

Let Ω ⊂ R
n with n = 2 or n = 3 be a bounded Lipschitz domain with

boundary Γ := ∂Ω. For k ∈ N0 we define the norm

||u||Hk(Ω) :=

∑|α|≤k

||Dαu||2L2(Ω)


1/2

(1.1)

while for 0 < s ∈ R, s /∈ N, we define

||u||Hs(Ω) :=
{

||u||2H[s](Ω) + |u|2Hs(Ω)

}1/2
(1.2)

using the Sobolev–Slobodeckii norm

|u|Hs(Ω) :=

 ∑
|α|=[s]

∫
Ω

∫
Ω

|Dαu(x) −Dαu(y)|2
|x− y|n+2s

dxdy


1/2

. (1.3)

O. Steinbach: LNM 1809, pp. 7–24, 2003.
c© Springer-Verlag Berlin Heidelberg 2003



8 1 Preliminaries

For s ≥ 0 we introduce the Sobolev spaces

Hs(Ω) := C∞(Ω)
||·||Hs(Ω)

,

Hs
0(Ω) := C∞

0 (Ω)
||·||Hs(Ω)

,

H̃s(Ω) := C∞
0 (Ω)

||·||Hs(Rn)
.

Note that for s ≥ 0 we have the embedding

H̃s(Ω) ⊆ Hs
0(Ω). (1.4)

In fact, see for example [52, Theorem 3.33],

H̃s(Ω) = Hs
0(Ω) provided s �∈

{
1
2
,
3
2
,
5
2
, . . .

}
.

For s < 0 the Sobolev spaces are defined by duality with respect to the L2(Ω)
inner product,

Hs(Ω) := [H̃−s(Ω)]∗, H̃s(Ω) := [H−s(Ω)]∗ (1.5)

with norms

||f ||Hs(Ω) := sup
0 �=v∈H̃−s(Ω)

|〈f, v〉L2(Ω)|
||v||H−s(Ω)

,

||f ||H̃s(Ω) := sup
0 �=v∈H−s(Ω)

|〈f, v〉L2(Ω)|
||v||H−s(Ω)

.

Let f ∈ H̃s(Ω) be given for some s < 0. Then,

||f ||Hs(Ω) = sup
0 �=v∈H̃−s(Ω)

|〈f, v〉L2(Ω)|
||v||H−s(Ω)

≤ sup
0 �=v∈H−s(Ω)

|〈f, v〉L2(Ω)|
||v||H−s(Ω)

= ||f ||H̃s(Ω) (1.6)

and therefore f ∈ Hs(Ω). Hence we have the embedding H̃s(Ω) ⊆ Hs(Ω) for
all s ∈ R.

In a similar way as above we can define Sobolev spaces on the closed
boundary Γ := ∂Ω. In particular, we are interested in the case s ∈ (0, 1)
where the norm of the Sobolev space Hs(Γ ) is given by

||u||Hs(Γ ) :=
{

||u||2L2(Γ ) + |u|2Hs(Γ )

}1/2
(1.7)

with
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|u|2Hs(Γ ) =
∫
Γ

∫
Γ

|u(x) − u(y)|2
|x− y|n−1+2s

dsxdsy . (1.8)

For s = 1 we use the covariant derivatives to define

||u||H1(Γ ) :=

||u||2L2(Γ ) +
∑

|α|=1

||Dαu||2L2(Γ )

 . (1.9)

Note that for s > 1 we need stronger assumptions on Ω to define Sobolev
spaces Hs(Γ ), see for example [52]. In particular, if Ω is Ck−1,1 for k ≥ 0,
then Hs(Γ ) is well defined for |s| ≤ k.

Finally, for s < 0 we define Hs(Γ ) := [H−s(Γ )]∗ by duality with respect
to the L2(Γ ) inner product,

||λ||Hs(Γ ) = sup
0 �=v∈H−s(Γ )

|〈λ, v〉L2(Γ )|
||v||H−s(Γ )

. (1.10)

Theorem 1.1. [52, 53] Let Ω ⊂ R
n a bounded domain with Lipschitz bound-

ary Γ := ∂Ω. For any u ∈ H1(Ω) there exists the trace γ0u ∈ H1/2(Γ )
satisfying

||γ0u||H1/2(Γ ) ≤ cT · ||u||H1(Ω). (1.11)

Vice versa, for any u ∈ H1/2(Γ ) there exists a bounded extension Eu ∈ H1(Ω)
satisfying γ0Eu = u and

||Eu||H1(Ω) ≤ cIT · ||u||H1/2(Γ ). (1.12)

Let Γ0 ⊂ Γ be an open subset of the closed boundary Γ = ∂Ω. As in (1.4)
we define two kinds of Sobolev spaces on Γ0,

Hs(Γ0) :=
{
u : u = U|Γ0 for some U ∈ Hs(Γ )

}
H̃s(Γ0) :=

{
u ∈ Hs(Γ ) : suppu ⊆ Γ 0

}
with norms

||u||Hs(Γ0) := inf
u=U|Γ0

||U ||Hs(Γ ), ||u||H̃s(Γ0)
:= ||u||Hs(Γ ).

These two families of spaces are related by duality with respect to L2(Γ0),

[Hs(Γ0)]∗ = H̃−s(Γ0), [H̃s(Γ0)]∗ = H−s(Γ0) for s ∈ R.

Note that H̃s(Γ0) is often denoted by Hs
00(Γ0).
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1.2 Saddle Point Problems

Let X and Π be some Hilbert spaces equipped with norms || · ||X and || · ||Π ,
respectively. We assume that there are given some bounded bilinear forms

a(·, ·) : X ×X → R,

b(·, ·) : X ×Π → R.

Note that by the Riesz representation theorem we can identify the bilinear
forms a(·, ·) and b(·, ·) with bounded operators A : X → X∗ and B : X → Π∗,
respectively. In particular, for u ∈ X we define Au ∈ X∗ such that

〈Au, v〉 = a(u, v) for all v ∈ X

and Bu ∈ Π∗ satisfying

〈Bu, µ〉 = b(u, µ) for all µ ∈ Π.

For given f ∈ X∗ and g ∈ Π∗ we consider the saddle point problem to find
(u, λ) ∈ X ×Π such that

a(u, v) − b(v, λ) = 〈f, v〉
b(u, µ) = 〈g, µ〉

(1.13)

for all (v, µ) ∈ X ×Π.
Denote

V := kerB := {v ∈ X : b(v, τ) = 0 for all τ ∈ Π} , (1.14)

its orthogonal complement

V ⊥ := {w ∈ X : (w, v) = 0 for all v ∈ V, } . (1.15)

and
V 0 := {f ∈ X∗ : 〈f, v〉 = 0 for all v ∈ V } . (1.16)

Theorem 1.2. [12, 21, 57] Let the bounded bilinear form a(·, ·) : X ×X → R

be elliptic on V = kerB,

a(v, v) ≥ cA1 · ||v||2X for all v ∈ V = kerB . (1.17)

If the bounded bilinear form b(·, ·) : X×Π → R satisfies the inf–sup condition

inf
0 �=µ∈Π

sup
0 �=v∈X

b(v, µ)
||v||X ||µ||Π

≥ γS > 0 , (1.18)

and if g ∈ ImB, then there exists a unique solution of (1.13) satisfying

||u||X + ||λ||Π ≤ c · {||f ||X∗ + ||g||Π∗} . (1.19)
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Moreover, B : V ⊥ → Π∗ is an isomorphism satisfying

γS · ||v||X ≤ ||Bv||Π∗ for all v ∈ V ⊥. (1.20)

Finally, the operator B∗ : Π → V 0 is an isomorphism satisfying

γS · ||µ||Π ≤ ||B∗µ||X∗ for all µ ∈ Π. (1.21)

Let Xh ⊂ X and Πh ⊂ Π be conforming finite dimensional trial spaces.
The Galerkin variational formulation of the saddle point problem (1.13) is to
find (uh, λh) ∈ Xh ×Πh such that

a(uh, vh) − b(vh, λh) = 〈f, vh〉
b(uh, µh) = 〈g, µh〉

(1.22)

for all (vh, µh) ∈ Xh ×Πh. As in the continuous case we define

Vh := {vh ∈ Xh : b(vh, τh) = 0 for all τh ∈ Πh} (1.23)

and assume that the bilinear form a(·, ·) is Vh–elliptic,

a(vh, vh) ≥ c̃A1 · ||vh||2X for all vh ∈ Vh. (1.24)

Theorem 1.3. [12, 21, 57] Let the assumptions of Theorem 1.2 be satisfied
and let the bilinear form a(·, ·) be Vh–elliptic. Let Vh ⊂ V . If the discrete
inf–sup condition

inf
0 �=µh∈Πh

sup
0 �=vh∈Xh

b(vh, µh)
||vh||X ||µh||Π

≥ γ̃S > 0 (1.25)

is valid, then there exists a unique solution of (1.22) satisfying the error esti-
mates

||u− uh||X ≤ c1 · inf
vh∈Xh

||u− vh||X ,

||λ− λh||Π ≤ c2 ·
{

inf
vh∈Xh

||u− vh||X + inf
µh∈Πh

||λ− µh||Π
}
.

Hence we have convergence when assuming some approximation properties
of Xh and Πh. The crucial assumption of the preceding theorem is the discrete
inf–sup condition (1.25). To characterize this condition we use a criteria due
to Fortin [36]:

Theorem 1.4. Assume that the continuous inf–sup condition (1.18) is satis-
fied. Let Ph : X → Xh be a projection operator satisfying the orthogonality

b(v − Phv, µh) = 0 for all µh ∈ Πh

and the stability estimate

||Phv||X ≤ cS · ||v||X for all v ∈ X.

Then, (1.25) holds with γ̃S = γS/cS.
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Instead of the saddle point problem (1.13) we now consider a two–fold
saddle point problem. Let X,Π1 and Π2 be some Hilbert spaces with norms
|| · ||X , || · ||Π1 and || · ||Π2 . Then we want to find (u, λ, w) ∈ X×Π1 ×Π2 such
that

b1(u, µ) − b2(µ,w) = 〈f1, µ〉
−b1(v, λ) + a(u, v) = 〈f2, v〉
b2(λ, z) = 〈g, z〉

(1.26)

for all (v, µ, z) ∈ X ×Π1 ×Π2. Here,

a(·, ·) : X ×X → R,

b1(·, ·) : X ×Π1 → R,

b2(·, ·) : Π1 ×Π2 → R

are bounded bilinear forms implying, by the Riesz representation theorem,
bounded operators A : X → X∗, B1 : X → Π∗

1 and B2 : Π1 → Π∗
2 , respec-

tively.
Two–fold saddle point problems (1.26) appear in many applications: the

coupling of mixed finite elements and symmetric boundary element methods
[37]; hybrid boundary element methods [64] or three–field domain decompo-
sition methods, see [24].

To prove unique solvability of the two–fold saddle point problem (1.26) we
apply Theorem 1.2 twice. As in (1.14) we define

kerB2 := {µ ∈ Π1 : b2(µ, z) = 0 for all z ∈ Π2} . (1.27)

Moreover,

kerB2 B1 := {v ∈ X : b1(v, µ) = 0 for all µ ∈ kerB2} . (1.28)

Theorem 1.5. Let the bounded bilinear form a(·, ·) : X ×X → R be elliptic
on kerB2 B1,

a(v, v) ≥ c · ||v||2X for all v ∈ kerB2 B1 . (1.29)

Let the bounded bilinear forms b1(·, ·) : X ×Π1 and b2(·, ·) : Π1 ×Π2 satisfy
the inf–sup conditions

inf
0 �=µ∈Π1

sup
0 �=v∈X

b1(v, µ)
||v||X ||µ||Π1

≥ γS > 0, (1.30)

inf
0 �=z∈Π2

sup
0 �=µ∈Π1

b2(µ, z)
||µ||Π1 ||z||Π2

≥ γS > 0. (1.31)

If g ∈ ImB2 and f1 ∈ ImB1 is satisfied, then there exists a unique solution
(u, λ, w) ∈ X×Π1 ×Π2 of the two–fold saddle point problem (1.26) satisfying
the stability estimate

||u||X + ||λ||Π1 + ||w||Π2 ≤ c ·
{
||f1||Π∗

1
+ ||f2||X∗ + ||g||Π∗

2

}
. (1.32)
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Proof. Since we assume g ∈ ImB2 there exists a λ⊥ ∈ (kerB2)⊥ such that

b2(λ⊥, z) = 〈B2λ
⊥, z〉 = 〈g, z〉 for all z ∈ Π2.

Moreover,
||λ⊥||Π1 ≤ c · ||g||Π∗

2
.

Hence we have to find (u, λ0) ∈ X × kerB2 such that

b1(u, µ) = 〈f1, µ〉
−b1(v, λ0) + a(u, v) = 〈f2, v〉 + b1(v, λ⊥)

for all (v, µ) ∈ X × kerB2. Note that b2(w, µ) = 〈B2µ,w〉 = 0 for µ ∈ kerB2.
Using f1 ∈ ImB1 there exists a u⊥ ∈ (kerB2B1)⊥ such that

b1(u⊥, µ) = 〈f1, µ〉 for all µ ∈ kerB2 .

Again we have the stability estimate

||u⊥||X ≤ c · ||f1||Π∗
1
.

It remains to find u0 ∈ kerB2B1 such that

a(u0, v) = 〈f2, v〉 + b1(v, λ⊥) for all v ∈ kerB2B1.

Note that b1(v, λ0) = 〈B1v, λ0〉 = 0 for v ∈ kerB2B1. Since the bilinear form
a(·, ·) is assumed to be elliptic for v ∈ kerB2B1, there exists a unique solution
u0 ∈ kerB2B1 satisfying

||u0||X ≤ c ·
{
||f2||X∗ + ||λ⊥||Π1

}
.

Therefore, u := u0 + u⊥ is the unique solution of (1.26) satisfying

||u||X ≤ c ·
{
||f1||Π∗

1
+ ||f2||X∗ + ||g||Π∗

2

}
.

Now we can find λ0 ∈ kerB2 such that

b1(v, λ0) = 〈B′
1λ0, v〉 = 〈Au− f2 −B′

1λ
⊥, v〉 for all v ∈ X .

Since Au − f2 − B′
1λ

� ∈ (kerB2B1)0 is satisfied, we can apply Theorem 1.2
to get a unique solution λ0 ∈ kerB2. Hence, λ := λ0 + λ⊥ ∈ Π1 is the unique
solution of (1.26) satisfying

||λ||Π1 ≤ c ·
{
||f1||Π∗

1
+ ||f2||X∗ + ||g||Π∗

2

}
.

Finally we can find w ∈ Π2 such that

b2(w, µ) = 〈B′
2w, µ〉 = 〈B1u− f1, µ〉 for all µ ∈ Π1 .

Since B1u − f1 ∈ (kerB2)0 we can apply Theorem 1.2 to get w ∈ Π2 solving
the saddle point problem (1.26) and satisfying the stability estimate

||w||Π2 ≤ c ·
{
||f1||Π∗

1
+ ||f2||X∗ + ||g||Π∗

2

}
. 
�
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Let Xh ⊂ X, Π1,h ⊂ Π1 and Π2,h ⊂ Π2 be conforming finite dimensional
trial spaces. The Galerkin variational formulation of the two–fold saddle point
problem is: find (uh, λh, wh) ∈ Xh ×Π1,h ×Πh,2 such that

b1(uh, µh) − b2(µh, wh) = 〈f1, µh〉
−b1(vh, λh) + a(uh, vh) = 〈f2, vh〉
b2(λh, zh) = 〈g, zh〉

(1.33)

for all (vh, µh, zh) ∈ Xh ×Π1,h ×Π2,h. We assume that the bilinear form a(·, ·)
is also elliptic on

kerB2,h
B1,h := {vh ∈ Xh : b1(vh, µh) = 0 for all µh ∈ kerB2,h}

where

kerB2,h := {µh ∈ Π1,h : b2(µh, zh) = 0 for all zh ∈ Π2,h} .

As in Theorem 1.3 we can prove unique solvability of the two–fold Galerkin
saddle point problem (1.33) when assuming some discrete inf–sup conditions:

Theorem 1.6. Let the assumptions of Theorem 1.5 be satisfied and let the
bilinear form a(·, ·) be elliptic on kerB2,h

B1,h. If in addition the discrete inf–
sup conditions

inf
0 �=µh∈Πh,1

sup
0 �=vh∈Xh

b1(vh, µh)
||vh||X ||µh||Π1

≥ γ̃S > 0, (1.34)

inf
0 �=zh∈Πh,2

sup
0 �=µh∈Π1,h

b2(µh, zh)
||µh||Π1 ||zh||Π2

≥ γ̃S > 0 (1.35)

are valid, then there exists a unique solution of (1.22) satisfying the error
estimates

||u− uh||X + ||λ− λh||Π1 + ||w − wh||Π2

≤ c ·
{

inf
vh∈Xh

||u− vh||X + inf
µh∈Πh,1

||λ− µh||Π1 + inf
zh∈Πh,2

||w − zh||Π2

}
.

1.3 Finite Element Spaces

Let T be a m–dimensional bounded and sufficiently smooth, open or closed
manifold. For simplicity in the presentation we assume that for m = 1, 2
T ⊆ ∂Ω where Ω ⊂ R

m+1 is a bounded polygonal or polyhedral domain. For
m = 3 let T = Ω ⊂ R

m be a polyhedron. Let TN = {τ�}N
�=1 be a family

of admissible finite element meshes consisting of N finite elements τ� which
are assumed to be open. We assume that a finite element τ� is either a line
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segment (m = 1), a triangle (m = 2) or a tetrahedron (m = 3). Note that for
more general T one may consider either a sequence of polygonal/polyhedral
approximations TN or higher order finite elements τ�. The first approach will
require an appropriate error analysis based on the Strang lemma [29] while
for the second approach we can use the same techniques as described in this
monograph. However, the computations will become more technically. Hence,
we will restrict ourself to consider the simple case of a polygonal or polyhedral
bounded domain only.

For each finite element τ� we define as local mesh parameters: the volume
∆�, the associated local mesh size h� and the diameter d�,

∆� :=
∫
τ�

dx, h� := ∆
1/m
� , d� := sup

x,y∈τ�

|x− y| for 	 = 1, . . . , N. (1.36)

We assume that all finite elements τ� are shape regular, in particular, there
exists a positive constant cR independent of N such that

1 ≥ h�

d�
≥ cR > 0 . (1.37)

Let
hmax := max

�=1,...,N
h�, hmin := min

�=1,...,N
h�. (1.38)

The family of finite element meshes TN is said to be globally quasi-uniform if
there is a constant cG ≥ 1 independent of N such that

hmax/hmin ≤ cG . (1.39)

As usual we put h := hmax to be the global mesh parameter associated with
the mesh TN . In this work we are mainly interested in locally quasi-uniform
finite element meshes TN where the ratio

h�/hj ≤ cL (1.40)

is bounded by a uniform constant cL whenever the elements τ� and τj are
neighbored, in particular, they share either a common vertex, edge or face.

Let
Vh := span{ϕk}M

k=1 ⊂ H1(T ) (1.41)

be an associated family of finite dimensional trial spaces spanned by piecewise
polynomial basis functions with local support. We assume that there holds
some approximation property in Vh, which will be specified later. Furthermore,
we assume that an inverse inequality is valid locally,

||vh||Hs(τ�) ≤ cI · h−s
� · ||vh||L2(τ�) for all vh ∈ Vh, s ∈ (0, 1]. (1.42)

Hence, for s = 1 we have an inverse inequality globally,
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||vh||2H1(T ) ≤ cI ·
N∑

�=1

h−2
� · ||vh||2L2(τ�) for vh ∈ Vh. (1.43)

Now, if the mesh is globally quasi-uniform, there holds also a global inverse
inequality for s ∈ (0, 1],

||vh||Hs(T ) ≤ c · h−s · ||vh||L2(T ) for all vh ∈ Vh. (1.44)

For an arbitrary finite element τ� the local trial space Vh(τ�) := Vh|τ�
is

spanned by local shape functions with M� := dimVh(τ�). In particular,

Vh(τ�) :=
{
ϕ�

i : ∃ϕk ∈ Vh : ϕ�
i(x) = ϕk(x) for x ∈ τ�

}
. (1.45)

For each local index i = 1, . . . ,M� we define ki ∈ {1, . . . ,M} as associated
global index such that ϕki|τ�

= ϕ�
i . For 	 = 1, . . . , N we introduce local Gram

matrices as
G�[j, i] = 〈ϕ�

i , ϕ
�
j〉L2(τ�) for i, j = 1, . . . ,M� (1.46)

and the diagonal matrices

D� = diagG� = diag
(
||ϕ�

i ||2L2(τ�)

)M�

i=1
. (1.47)

Assumption 1.1 We assume that

cG1 · (D�x�, x�) ≤ (G�x�, x�) ≤ cG2 · (D�x�, x�) (1.48)

holds uniformly for all x� ∈ R
M� (	 = 1, . . . , N) with positive constants cG1 ,

cG2 independent of N .

As it will be shown in Chapter 2, Assumption 1.1 holds for a wide class of
trial spaces, in particular for piecewise polynomials. In Section 2.1 we consider
standard piecewise linear finite elements, while in Section 2.2 we deal with a
piecewise constant trial space defined on a dual mesh. Finally, in Section 2.3
we investigate finite element spaces of locally higher order polynomial degree.
However, the constants cG1 and cG2 may then depend on the polynomial degree
used.

For each basis function ϕk ∈ Vh, k = 1, . . . ,M , we denote its support by

ωk := supp{ϕk} (1.49)

and we define related trial spaces locally by

Vh(ωk) :=
{
ϕj|ωk

: ϕj ∈ Vh

}
. (1.50)

To describe the relations between the basis functions ϕk for k = 1, . . . ,M
and the finite elements τ� for 	 = 1, . . . , N we define two index sets as follows:
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I(k) := {	 ∈ {1, . . . , N} : τ� ∩ ωk �= ∅} for k = 1, . . . ,M, (1.51)

J(	) := {k ∈ {1, . . . ,M} : ωk ∩ τ� �= ∅} for 	 = 1, . . . , N. (1.52)

In particular, I(k) defines all finite elements τ� where the basis function ϕk is
not identically zero. Vice versa, J(	) describes all basis functions ϕk which are
partially nonzero inside τ�. Since the family of meshes is assumed to be locally
quasi-uniform, for each basis function ϕk ∈ Vh we can define an associated
mesh size ĥk satisfying

1
cQ

≤ ĥk

h�
≤ cQ for all 	 ∈ I(k), k = 1, . . . ,M (1.53)

with a global constant cQ ≥ 1. For example, we can define ĥk as follows:

i. Averaging of local mesh sizes [18]:

ĥk :=
1

#I(k)

∑
�∈I(k)

h� for k = 1, . . . ,M. (1.54)

ii. Mass of basis functions:

ĥk := ||ϕk||2/m
L2(ωk) for k = 1, . . . ,M. (1.55)

iii. In case of nodal basis functions we can use the minimal distance of asso-
ciated vertices, see [26]:

ĥk := min
xj∈τ�,�∈I(k),j �=k

|xk − xj | for k = 1, . . . ,M. (1.56)

iv. In case of a globally quasi-uniform mesh we can choose

ĥk := h for all k = 1, . . . ,M (1.57)

using the global mesh size h.

As it will be seen later, the actual choice of ĥk does not influence the
validity of (1.53). However, for basis functions of higher order polynomial
degree, the choice (1.55) seems to be favorable.

Let
Wh := span{ψk}M

k=1 ⊂ L2(T ) (1.58)

be an appropriately defined dual finite element space with

dimWh = dimVh = M

where the underlying mesh is given by T̃Ñ = {τ̃�}Ñ
�=1 consisting of Ñ finite

elements. In Section 2.2 we will describe an example for a construction of Wh.
In what follows we need to formulate a few assumptions on Wh to be satisfied.
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By Wh(τ�) we denote the local trial spaces defined by the restriction of
Wh onto τ�:

Wh(τ�) :=
{
ψ�

i : ∃ψk ∈ Wh : ψ�
i (x) = ψk(x) for x ∈ τ�

}
. (1.59)

We assume that
dimWh(τ�) = dimVh(τ�) = M� .

As in (1.46) we define the local Gram matrix

Ĝ�[j, i] = 〈ψ�
i , ψ

�
j〉L2(τ�) for i, j = 1, . . . ,M�. (1.60)

In addition, we also define generalized local Gram matrices G̃� by

G̃�[j, i] = 〈ϕ�
i , ψ

�
j〉L2(τ�) for i, j = 1, . . . ,M�. (1.61)

Assumption 1.2 We assume that

cG̃1 · (D�x�, x�) ≤ (G̃�x�, x�) ≤ cG̃2 · (D�x�, x�) (1.62)

and
cĜ1 · (D�x�, x�) ≤ (Ĝ�x�, x�) ≤ cĜ2 · (D�x�, x�) (1.63)

hold uniformly for all x� ∈ R
M� (	 = 1, . . . , N) with positive constants cG̃1 , cG̃2

and cĜ1 , cĜ2 , respectively.

Note that in the case Vh = Wh we have G� = G̃� = Ĝ� and Assumption
1.2 coincides with Assumption 1.1. We finally assume that the basis functions
of both finite element spaces Vh and Wh are normalized, in particular,

||ϕk||2L2(T ) � ĥm
k , ||ψk||2L2(T ) � ĥm

k , k = 1, . . . ,M.

1.4 Projection Operators

The standard Galerkin L2 projection

Qh : L2(T ) → Vh ⊂ H1(T )

of a given function u ∈ L2(T ) is defined by a Galerkin–Bubnov variational
problem: find Qhu ∈ Vh such that

〈Qhu, vh〉L2(T ) = 〈u, vh〉L2(T ) for all vh ∈ Vh . (1.64)

This is equivalent to a system of linear equations, Ghu = f , where the stiffness
matrix is given by

Gh[j, i] = 〈ϕi, ϕj〉L2(T ) for all i, j = 1, . . . ,M,
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and the right hand side is defined by

fj = 〈u, ϕj〉L2(T ) for j = 1, . . . ,M.

Let
Dh := diagGh = diag

(
||ϕk||2L2(T )

)M

k=1
.

As a consequence of Assumption 1.1 there hold the spectral equivalence in-
equalities

cG1 · (Dhu, u) ≤ (Ghu, u) ≤ cG2 · (Dhu, u) for all u ∈ R
M (1.65)

with the same constants as in (1.48). Hence we have unique solvability of
(1.64). Due to

||Qhu||2L2(T ) = 〈Qhu,Qhu〉L2(T ) = 〈u,Qhu〉L2(T ) ≤ ||u||L2(T )||Qhu||L2(T )

there holds the trivial stability estimate

||Qhu||L2(T ) ≤ ||u||L2(T ) for all u ∈ L2(T ). (1.66)

Moreover, by Cea’s lemma,

||u−Qhu||L2(T ) ≤ inf
vh∈Vh

||u− vh||L2(T )

and we have convergence when assuming an approximation property of Vh.

Instead of a Galerkin–Bubnov approach we now use a Galerkin–Petrov
scheme to define a generalized L2 projection

Q̃h : L2(T ) → Vh ⊂ H1(T ).

For a given u ∈ L2(T ) this reads: find Q̃hu ∈ Vh such that

〈Q̃hu,wh〉L2(T ) = 〈u,wh〉L2(T ) for all wh ∈ Wh. (1.67)

This is equivalent to a system of linear equations, G̃hu = f , where the stiffness
matrix is given by

G̃h[j, i] = 〈ϕj , ψj〉L2(T ) for all i, j = 1, . . . ,M. (1.68)

The unique solvability of the variational problem (1.67) is based on Assump-
tion 1.2:

Lemma 1.7. Let Assumptions 1.1 and 1.2 be satisfied. Then,

cS,0 · ||vh||L2(T ) ≤ sup
0 �=wh∈Wh

|〈vh, wh〉L2(T )|
||wh||L2(T )

(1.69)

holds for all vh ∈ Vh with a positive constant cS,0.



20 1 Preliminaries

Proof. Let

vh(x) =
M∑

k=1

vkϕk(x) ∈ Vh

be arbitrary but fixed. We define

w∗
h(x) =

M∑
k=1

vkψk(x) ∈ Wh .

Due to Assumption 1.2 we have

〈vh, w
∗
h〉L2(T ) =

N∑
�=1

〈vh, w
∗
h〉L2(τ�) =

N∑
�=1

(G̃�v�, v�)

≥ cG̃1 ·
N∑

�=1

(D�v�, v�) = cG̃1 · (Dhv, v)

as well as

||w∗
h||2L2(T ) =

N∑
�=1

〈w∗
h, w

∗
h〉L2(τ�) =

N∑
�=1

(Ĝ�v�, v�)

≤ cĜ1 ·
N∑

�=1

(D�v�, v�) = cĜ2 · (Dhv, v) .

Hence, using Assumption 1.1 and (1.65),

|〈vh, w
∗
h〉L2(T )|

||w∗
h||L2(T )

≥ cG̃1√
cĜ2

· (Dhv, v)1/2

≥ cG̃1√
cĜ2 c

G
2

· (Ghv, v)1/2 = cS,0 · ||vh||L2(T ). 
�

Applying standard arguments, we have unique solvability of (1.67), the
stability estimate

||Q̃hu||L2(T ) ≤ 1
cS,0

· ||u||L2(T ) for all u ∈ L2(T ) (1.70)

as well as the quasi optimal error estimate

||u− Q̃hu||L2(T ) ≤ (1 +
1
cS,0

) · inf
vh∈Vh

||u− vh||L2(T ) (1.71)

yielding convergence from an approximation property of Vh.
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As in (1.67) we can define an adjoint projection operator

Q̃∗
h : L2(T ) → Wh ⊂ L2(T )

by the Galerkin–Petrov variational problem: find Q̃∗
hw ∈ Wh such that

〈Q̃∗
hw, vh〉L2(T ) = 〈w, vh〉L2(T ) for all vh ∈ Vh. (1.72)

The stability and error analysis of (1.72) is again based on Assumption 1.2
and can be done as described above. In particular,

||Q̃∗
hw||L2(T ) ≤ 1

cS,0
· ||w||L2(T ) for all w ∈ L2(T ). (1.73)

Note that, by definition,

〈Q̃hv, w〉L2(T ) = 〈v, Q̃∗
hw〉L2(T ) for all v, w ∈ L2(T ). (1.74)

Moreover, in the case Vh = Wh the projection operators Qh, Q̃h and Q̃∗
h

coincide.
To this end, we introduce an additional operator

Πs
h : Hs(T ) → Wh ⊂ H̃−s(T )

for some s ∈ (0, 1] defined by the variational formulation

〈Πs
hu, vh〉L2(T ) = 〈u, vh〉Hs(T ) for all vh ∈ Vh ⊂ Hs(T ). (1.75)

Note that the stiffness matrix G̃�
h of this variational problem is the same as for

the projection operator Q̃∗
h. Hence we have unique solvability when assuming

Assumption 1.2.
In the next chapter we will prove that the operators

Q̃h : Hs(T ) → Vh ⊂ Hs(T ),

Q̃∗
h : H̃−s(T ) → Wh ⊂ H̃−s(T ),

Πs
h : Hs(T ) → Wh ⊂ H̃−s(T )

are bounded for s ∈ [0, 1] when some appropriate assumptions are satisfied.
For a globally quasi-uniform mesh TN we have the following result:

Theorem 1.8. Let the family of meshes TN be globally quasi-uniform, in par-
ticular we assume the global inverse inequality (1.44). Then, for s ∈ [0, 1],

||Q̃h||Hs(T ) ≤ cS · ||u||Hs(T ) for all u ∈ Hs(T ). (1.76)
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Proof. For s = 0 (1.76) is (1.70). For s ∈ (0, 1] let Qs
h : Hs(T ) → Vh ⊂ Hs(T )

be defined by

〈Qs
hu, vh〉Hs(T ) = 〈u, vh〉Hs(T ) for all vh ∈ Vh.

Obviously,
||Qs

hu||Hs(T ) ≤ ||u||Hs(T ) for all u ∈ Hs(T ).

Moreover, applying the Aubin–Nitsche trick, we have the error estimate

||u−Qs
hu||L2(Ω) ≤ c · hs · |u|Hs(T ).

Using the triangle inequality, the global inverse inequality and the L2 stability
of Q̃h,

||Q̃hu||Hs(T ) ≤ ||Qs
hu||Hs(T ) + ||Q̃hu−Qs

hu||Hs(T )

≤ ||u||Hs(T ) + c · h−s · ||Q̃hu−Qs
hu||L2(T )

= ||u||Hs(T ) + c · h−s · ||Q̃h(u−Qs
hu)||L2(T )

≤ ||u||Hs(T ) + c̃ · h−s · ||u−Qs
hu||L2(T )

and the assertion follows from applying the error estimate for Qs
h in L2(T ).


�

1.5 Quasi Interpolation Operators

To prove the stability estimate (1.76) for globally nonuniform meshes we need
to have a projection operator Ph : Hs(T ) → Vh ⊂ Hs(T ) which is stable in
Hs(T ) and which admits local error estimates. For this we use quasi interpo-
lation operators as first introduced in [30]. Define

(Phu)(x) =
M∑

k=1

Fk(u) · ϕk(x) (1.77)

where Fk(·) : Hs(T ) → R are bounded linear functionals. When using La-
grange basis functions one may choose Fk(u) := u(xk) to get the nodal inter-
polation operator. It is obvious in this case, that we need stronger regularity
assumptions, at least continuity of u ∈ Hs(T ). In what follows we will use
local L2 projections to define the linear functionals Fk(·).

Let Qk
h denote the Galerkin L2 projection onto the local trial space Vh(ωk)

with mesh size ĥk. In particular, for u ∈ L2(ωk) we define Qk
hu ∈ Vh(ωk) by

〈Qk
hu, vh〉L2(ωk) = 〈u, vh〉L2(ωk) for all vh ∈ Vh(ωk). (1.78)

As in (1.66) we have the stability estimate
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||Qk
hu||L2(ωk) ≤ ||u||L2(ωk) for all u ∈ L2(ωk) (1.79)

as well as the quasi optimal error estimate

||(I−Qk
h)u||L2(ωk) ≤ c · ĥs

k · |u|Hs(ωk), for all u ∈ Hs(ωk), s ∈ [0, 1]. (1.80)

Since the mesh is assumed to be locally quasi-uniform, we have the following
stability result due to Theorem 1.8:

||Qk
hu||Hs(ωk) ≤ c · ||u||Hs(ωk) for all u ∈ Hs(ωk), k = 1, . . . ,M. (1.81)

Now we are in a position to define a quasi interpolation or Clement operator
by

(Phu)(x) =
M∑

k=1

(Qk
hu)(xk) · ϕk(x) . (1.82)

It is easy to check that Ph is indeed a projection.

Lemma 1.9. [18, 30] Let u ∈ Hs(T ), s ∈ [0, 1]. There exists a positive con-
stant c independent of h such that

||(I − Ph)u||L2(τ�) ≤ c
∑

k∈J(�)

ĥs
k · |u|Hs(ωk) for 	 = 1, . . . , N. (1.83)

Moreover,
||Phu||Hs(T ) ≤ c · ||u||Hs(T ). (1.84)

Proof. Let τ� be an arbitrary but fixed finite element and let k̃ ∈ J(	) be a
fixed index. For x ∈ τ� we have the representation

(Phu)(x) = (Qk̃
hu)(x) +

∑
k∈J(�),k �=k̃

[(Qk
hu)(xk) − (Qk̃

hu)(xk)]ϕk(x).

Let σ = 0, s. Note that

||ϕk||Hσ(τ�) ≤ c · hm/2−σ
� .

Then, using (1.80) it follows that

||(I−Ph)u||L2(τ�) ≤ c1 ·ĥs
k ·|u|Hs(ω

k̃
)+ c2 ·hm/2

�

∑
k∈J(�),k �=k̃

|(Qk
hu)(xk)−(Qk̃

hu)(xk)|.

Moreover, using (1.81) we get

||(I−Ph)u||Hs(τ�) ≤ ĉ1·||u||Hs(ω
k̃
)+ ĉ2·hm/2−s

�

∑
k∈J(�),k �=k̃

|(Qk
hu)(xk)−(Qk̃

hu)(xk)|.

Now,
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||vh||L∞(τ�) ≤ c · h−m/2
� · ||vh||L2(τ�) for all vh ∈ Vh, 	 = 1, . . . , N.

Thus, (1.80) gives for xk ∈ τ�,

|(Qk
hu)(xk) − (Qk̃

hu)(xk)| ≤ ||Qk
hu−Qk̃

hu||L∞(τ�)

≤ c · h−m/2
� · ||Qk

hu−Qk̃
hu||L2(τ�)

≤ c · h−m/2
� ·

{
||Qk

hu− u||L2(τ�) + ||u−Qk̃
hu||L2(τ�)

}
≤ c · h−m/2

� ·
{
ĥs

k · |u|Hs(ωk) + ĥs
k̃

· |u|Hs(ω
k̃
)

}
.

Hence,
||(I − Ph)u||L2(τ�) ≤ c ·

∑
k∈J(�)

ĥs
k · |u|Hs(ωk)

which is (1.83). Moreover,

||(I − Ph)u||Hs(τ�) ≤ ĉ1 · ||u||Hs(ω
k̃
) + c̃2 · h−s

� ·
∑

k∈J(�)

ĥs
k · |u|Hs(ωk)

and therefore, by using (1.53),

||(I − Ph)u||Hs(τ�) ≤ c ·
∑

k∈J(�)

||u||Hs(ωk).

For s = 1 we now get (1.84) by summing over all elements, while for s ∈ (0, 1)
(1.84) then follows by interpolation. 
�

Note, that using (1.53) we have the local estimate

h−s
� · ||(I − Ph)u||L2(τ�) ≤ c ·

∑
k∈J(�)

|u|Hs(ωk) .

From this we get, by summing up the squares,

N∑
�=1

h−2s
� · ||(I − Ph)u||2L2(τ�) ≤ c · ||u||2Hs(T ) for u ∈ Hs(T ). (1.85)



2

Stability Results

In this chapter we first describe abstract stability results for L2 projections
defined either by Galerkin–Bubnov or Galerkin–Petrov variational formula-
tions. We prove that these operators are bounded in a scale of Sobolev spaces
when appropriate assumptions for the underlying finite element spaces are
made locally.

For globally quasi-uniform meshes the stability of the Galerkin L2 projec-
tion is a direct consequence of a global inverse inequality, see Theorem 1.8.
However, here we are interested in non-structured and nonuniform meshes
resulting from adaptive computations.

For nonuniform triangulations in one and two space dimensions the stabil-
ity of the Galerkin L2 projection in W p

1 was shown in [34] assuming certain
mesh conditions. For a general discussion on the stability of the L2 projec-
tion see, for example, [71]. In [18], new results were given to obtain the H1

stability of the L2 projection onto piecewise linear finite element spaces in sev-
eral space dimensions. This is based on explicit and easily computable mesh
criteria. In particular, stability of the L2 projection in H1 holds for locally
quasi-uniform geometrically refined meshes as long as the volume of neighbor-
ing elements does not change too drastically. These results can be extended
to prove the stability of the L2 projection in fractional Sobolev spaces [66].
Then, the mesh criteria depends on the Sobolev index s and disappears for the
trivial case s = 0. The same techniques can be used to consider the stability of
a generalized L2 projection defined by a Galerkin–Petrov scheme [67], where
the test and trial spaces have to satisfy a certain compatibility condition to
ensure unique solvability. Here we will give a general approach to deal with
almost arbitrary test and trial functions.

Let us consider the generalized L2 projection Q̃h as defined by the varia-
tional problem (1.67). We will prove that the operators

O. Steinbach: LNM 1809, pp. 25–51, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Q̃h : Hs(T ) → Vh ⊂ Hs(T ),

Q̃∗
h : H̃−s(T ) → Wh ⊂ H̃−s(T ),

Πs
h : Hs(T ) → Wh ⊂ H̃−s(T )

are bounded for s ∈ [0, 1] when some appropriate assumptions on the finite
element spaces Vh and Wh are satisfied. In particular, the norm of all of these
operators is equal. Moreover, there holds also a related stability condition as
stated in the following theorem:

Theorem 2.1. The following statements are equivalent for s ∈ [0, 1]:

i.
||Q̃hu||Hs(T ) ≤ cS · ||u||Hs(T ) for all u ∈ Hs(T ) (2.1)

ii.
||Q̃∗

hw||H̃−s(T ) ≤ cS · ||w||H̃−s(T ) for all w ∈ H̃−s(T ) (2.2)

iii.
||Πs

hu||H̃−s(T ) ≤ cS · ||u||Hs(T ) for all u ∈ Hs(T ) (2.3)

iv.

1
cS

· ||uh||Hs(T ) ≤ sup
0 �=wh∈Wh

|〈uh, wh〉L2(T )|
||wh||H̃−s(T )

for all uh ∈ Vh (2.4)

Proof.
i.→ii.: By duality and by using (1.74),

||Q̃∗
hw||H̃−s(T ) = sup

0 �=v∈Hs(T )

|〈Q̃∗
hw, v〉L2(T )|
||v||Hs(T )

= sup
0 �=v∈Hs(T )

|〈w, Q̃hv〉L2(T )|
||v||Hs(T )

≤ ||w||H̃−s(T ) sup
0 �=v∈Hs(T )

||Q̃hv||Hs(T )

||v||Hs(T )
≤ cS · ||w||H̃−s(T ).

ii.→i.: Using similar duality arguments,

||Q̃hu||Hs(T ) = sup
0 �=w∈H̃−s(T )

|〈Q̃hu,w〉L2(T )|
||w||H̃−s(T )

= sup
0 �=w∈H̃−s(T )

|〈u, Q̃∗
hw〉L2(T )|

||w||H̃−s(T )

≤ ||u||Hs(T ) sup
0 �=w∈H̃−s(T )

||Q̃∗
hw||H̃−s(T )

||w||H̃−s(T )
≤ cS · ||u||Hs(T ).
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i.→iii.: By duality,

||Πs
hu||H̃−s(T ) = sup

0 �=v∈Hs(T )

|〈Πs
hu, v〉L2(T )|
||v||Hs(T )

= sup
0 �=v∈Hs(T )

|〈Πs
hu, Q̃hv〉L2(T )|
||v||Hs(T )

= sup
0 �=v∈Hs(T )

|〈u, Q̃hv〉Hs(T )|
||v||Hs(T )

≤ ||u||Hs(T ) sup
0 �=v∈Hs(T )

||Q̃hv||Hs(T )

||v||Hs(T )
≤ cS · ||u||Hs(T ).

iii.→iv.: Using w∗
h = Πs

huh ∈ Wh,

sup
0 �=wh∈Wh

|〈uh, wh〉L2(T )|
||wh||H̃−s(T )

≥
|〈uh, Π

s
huh〉L2(T )|

||Πs
huh||H̃−s(T )

=
||uh||2Hs(T )

||Πs
huh||H̃−s(T )

≥ 1
cS

· ||uh||Hs(T ).

iv.→i.: For uh = Q̃hu,

1
cS

· ||Q̃hu||Hs(T ) ≤ sup
0 �=wh∈Wh

|〈Q̃hu,wh〉L2(T )|
||wh||H̃−s(T )

= sup
0 �=wh∈Wh

|〈u,wh〉L2(T )|
||wh||H̃−s(T )

≤ ||u||Hs(T ). 
�

In Theorem 1.8 we proved the stability estimate (2.1) when assuming a
global inverse inequality. However, for nonuniform meshes, in particular, for
meshes resulting from some adaptive refinement procedures, Theorem 1.8 is
not applicable. However, in what follows we will prove the equivalent stability
of Πs

h assuming appropriate sufficient conditions locally. For this, we first
introduce local scaling matrices as follows. For some arbitrary but fixed s ∈
[0, 1] we define the diagonal matrix

H� = diag
(
ĥs

k

)M�

k=1
(2.5)

where the ĥk are local mesh parameters associated with a basis function ϕk,
k ∈ J(	). We assume that the mesh is locally quasi uniform and that (1.53)
is satisfied.

Now we are in a position to formulate a sufficient condition which is essen-
tially needed in the proof of the next theorem. For the local Gram matrices
G̃� defined by (1.61) we make the following assumption:
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Assumption 2.1 We assume that there exists a positive constant c0 > 0
such that

(H�G̃
�
� H

−1
� x�, x�) ≥ c0 · (D�x�, x�) for all x� ∈ R

M� (2.6)

holds uniformly for all 	 = 1, . . . , N .

Note that for a globally quasi-uniform mesh we may chose ĥk = h yielding
H�G̃

�
� H

−1
� = G̃�

� . In this case, Assumption 2.1 coincides with Assumption
1.2. If we define the symmetric matrix

GS
� :=

1
2

·
[
H�G̃

�
� H

−1
� +H−1

� G̃�H�

]
, (2.7)

(2.6) is equivalent to

(GS
� x�, x�) ≥ c0 · (D�x�, x�) for all x� ∈ R

M� . (2.8)

Theorem 2.2. Let Assumption 2.1 be satisfied for some s ∈ (0, 1]. Then,

||Πs
hu||H̃−s(T ) ≤ cS · ||u||Hs(T ) for all u ∈ Hs(T ). (2.9)

The proof of this theorem is based on the following lemma. A similar
estimate was used in [19] to construct spectrally equivalent multilevel pre-
conditioners in finite element methods in the case of globally quasi-uniform
meshes.

Lemma 2.3. Let Assumption 2.1 be satisfied and ϕk ∈ Vh for k = 1, . . . ,M .
Then,

N∑
�=1

h2s
� · ||wh||2L2(τ�) ≤ c ·

M∑
k=1

[ 〈wh, ϕk〉L2(T )

||ϕk||Hs(ωk)

]2
(2.10)

for all wh ∈ Wh with a positive constant.

Proof. Using Assumption 1.1 for Vh = Wh we have

N∑
�=1

h2s
� · ||wh||2L2(τ�) ≤ c ·

N∑
�=1

h2s
� ·

∑
k∈J(�)

w2
k · ||ψk||2L2(τ�)

= c ·
M∑

k=1

w2
k

∑
�∈I(k)

h2s
� · ||ψk||2L2(τ�) = c ·

M∑
k=1

w2
kγ

2
k

with
γk :=

√ ∑
�∈I(k)

h2s
� · ||ψk||2L2(τ�)

for k = 1, . . . ,M.

Setting xk := γkwk this gives
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N∑
�=1

h2s
� · ||wh||2L2(τ�) ≤ c · ||x||22. (2.11)

On the other hand,

M∑
k=1

[ 〈wh, ϕk〉L2(T )

||ϕk||Hs(ωk)

]2
=

M∑
k=1

 M∑
j=1

wj

〈ψj , ϕk〉L2(T )

||ϕk||Hs(ωk)

2

=
M∑

k=1

 M∑
j=1

xj

〈ψj , ϕk〉L2(T )

γj · ||ϕk||Hs(ωk)

2

= ||Ax||22 (2.12)

with a matrix A given by

A := D−1
ϕ G̃�

hD
−1
γ , Dϕ := diag(||ϕk||Hs(ωk)), Dγ := diag(γk) .

Let Ḡh := HG̃�
hH

−1. For any u ∈ R
M we define

vh :=
M∑

k=1

ĥ−s
k ukϕk ∈ Vh, wh :=

M∑
k=1

ĥs
kukψk ∈ Wh.

Then, using Assumption 2.1,

(Ḡhu, u) = (G̃�
hH

−1u,Hu) = 〈wh, vh〉L2(T ) =
N∑

�=1

〈wh, vh〉L2(τ�)

=
N∑

�=1

(H�G̃
�
� H

−1
� u�, u�) ≥ c0 ·

N∑
�=1

(D�u�, u�) = c0 · (Dhu, u).

Since all entries of Dh are strictly positive, we can define

D
1/2
h := diag

(
||ϕk||L2(T )

)
.

From

c0 · ||D1/2
h u||22 = c0 · (Dhu, u) ≤ (Ḡhu, u)

= (D−1/2
h Ḡhu,D

1/2
h u) ≤ ||D−1/2

h Ḡhu||2||D1/2
h u||2

we conclude that

c0 · ||D1/2
h u||2 ≤ ||D−1/2

h Ḡhu||2 for all u ∈ R
M .

Taking v := Dγu this is equivalent to
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c0 · ||D1/2
h D−1

γ v||2 ≤ ||D−1/2
h DϕD

−1
ϕ ḠhD

−1
γ v||2 = ||D−1/2

h DϕÃv||2

for all v ∈ R
M using Ã := D−1

ϕ ḠhD
−1
γ . The ratio of the diagonal entries

satisfies

D
1/2
h [k, k]
Dγ [k, k]

=

√ ∑
�∈I(k)

||ϕk||2L2(τ�)√ ∑
�∈I(k)

h2s
� ||ϕk||2L2(τ�)

≥ c · 1

ĥs
k

and
Dϕ[k, k]

D
1/2
h [k, k]

=
||ϕk||Hs(ωk)

||ϕk||L2(T )
≤ c · 1

ĥs
k

for all k = 1, . . . ,M due to the inverse inequality locally. Thus,

c · ||H−1v||2 ≤ ||H−1Ãv||2 for all v ∈ R
M .

Taking x := H−1v above gives

c · ||x||2 ≤ ||H−1ÃHx||2 = ||H−1D−1
ϕ HG̃�

hH
−1D−1

γ Hx||2

= ||D−1
ϕ G̃�

hD
−1
γ x||2 = ||Ax||2

for all x ∈ R
M since Dϕ, Dγ and H are diagonal matrices. Combining this

with (2.11) and (2.12) completes the proof. 
�
For the next result see also [39, Theorem 1.4.3.1].

Lemma 2.4. Let s ∈ [0, 1]. Then,

||ϕk||Hs(Rm) ≤ c · ||ϕk||Hs(ωk) for all ϕk ∈ Vh. (2.13)

Proof. Since the assertion is obviously satisfied for s = 0, 1 it is sufficient to
consider the semi-norms only. Let Brk

(xk) the smallest ball which circum-
scribes ωk with mid point xk and radius rk > 0. Let

ω̂k := {x ∈ R
m : |x− xk| ≤ 2rk} .

Then, for x ∈ ωk and y ∈ R
m\ω̂k,

|x− y| ≥ |y − xk| − |x− xk| ≥ |y − xk| − rk .

Now, by definition,

|ϕk|2Hs(Rn) =
∫

Rm

∫
Rm

|ϕk(x) − ϕk(y)|2
|x− y|m+2s

dxdy

=
∫
ωk

∫
ωk

|ϕk(x) − ϕk(y)|2
|x− y|m+2s

dxdy + 2 ·
∫
ωk

∫
Rm\ωk

|ϕk(x)|2
|x− y|m+2s

dxdy

= |ϕk|2Hs(ωk) + 2 ·
∫
ωk

∫
Rm\ωk

|ϕk(x)|2
|x− y|m+2s

dxdy .
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For the remaining term we have∫
ωk

∫
Rm\ωk

|ϕk(x)|2
|x− y|m+2s

dxdy

=
∫
ωk

∫
ω̂k\ωk

|ϕk(x)|2
|x− y|m+2s

dxdy +
∫
ωk

∫
Rm\ω̂k

|ϕk(x)|2
|x− y|m+2s

dxdy .

The first summand can be estimated by∫
ωk

∫
ω̂k\ωk

|ϕk(x)|2
|x− y|m+2s

dxdy =
∫
ωk

∫
ω̂k\ωk

|ϕk(x) − ϕk(y)|2
|x− y|m+2s

dxdy

≤
∫
ω̂k

∫
ω̂k

|ϕk(x) − ϕk(y)|2
|x− y|m+2s

dxdy

= |ϕk|2Hs(ω̂k) ≤ c · |ϕk|2Hs(ωk).

The second summand can be estimated as∫
ωk

∫
Rm\ω̂k

|ϕk(x)|2
|x− y|m+2s

dxdy ≤
∫
ωk

|ϕk(x)|2dx
∫

Rm\ω̂k

1
(|y − xk| − rk)m+2s

dy

≤ c · 1
s

· r−2s
k · ||ϕk||2L2(ωk) ≤ c̃ · 1

s
· rm−2s

k .

Here we used, by explicit computations,∫
R\ω̂k

dy

(|y − xk| − rk)1+2s
= 2 ·

∞∫
2rk

dr

(r − rk)1+2s
=

1
s

· r−2s
k ,

∫
R2\ω̂k

dy

(|y − xk| − rk)2+2s
=

2π∫
0

∞∫
2rk

rdrdϕ

(r − rk)2+2s
= π · 1 + 4s

s(1 + 2s)
· r−2s

k ,

∫
R3\ω̂k

dy

(|y − xk| − rk)3+2s
=

π
2∫

− π
2

2π∫
0

∞∫
2rk

r2 cos θdrdϕdθ
(r − rk)3+2s

= 4π

∞∫
2rk

r2

(r − rk)3+2s
dr = 2π · 8s2 + 8s+ 1

s(1 + 2s)(1 + s)
· r−2s

k .

On the other hand we have

|ϕk|2Hs(ωk) =
∫
ωk

∫
ωk

|ϕk(x) − ϕk(y)|2
|x− y|m+2s

dxdy ∼ 1
s

· ĥm−2s
k .
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Using that the mesh is locally quasi-uniform, we have rk ∼ ĥk and the asser-
tion follows. 
�

Lemma 2.5. For v ∈ Hs(T ) with s ∈ (0, 1] and ϕk ∈ Vh, k = 1, . . . ,M , there
holds the estimate

M∑
k=1

[ 〈v, ϕk〉Hs(T )

||ϕk||Hs(ωk)

]2
≤ c · ||v||2Hs(T ). (2.14)

Proof. For s = 0, 1 we have

M∑
k=1

[ 〈v, ϕk〉Hs(T )

||ϕk||Hs(ωk)

]2
=

M∑
k=1

[ 〈v, ϕk〉Hs(ωk)

||ϕk||Hs(ωk)

]2
≤

M∑
k=1

||v||2Hs(ωk)

=
N∑

�=1

∑
k∈J(�)

||v||2Hs(τ�)

≤ max
�=1,...,N

{#J(	)} · ||v||2Hs(T )

and therefore (2.14). For s ∈ (0, 1) the inner product in Hs(T ) can be de-
scribed by

〈u, v〉Hs(T ) = 〈u, v〉L2(T ) + b(u, v)

with

b(u, v) =
∫
T

∫
T

[u(x) − u(y)][v(x) − v(y)]
|x− y|m+2s

dxdy.

Therefore, [ 〈v, ϕk〉Hs(T )

||ϕk||Hs(ωk)

]2
≤ 2 · ||v||2L2(ωk) + 2 ·

[
b(v, ϕk)

||ϕk||Hs(ωk)

]2
.

Using

b(v, ϕk) =
∫
ωk

∫
ωk

[v(x) − v(y)][ϕk(x) − ϕk(y)]
|x− y|m+2s

dxdy

+ 2 ·
∫
ωk

∫
T \ωk

[v(x) − v(y)]ϕk(x)
|x− y|m+2s

dxdy

and the Cauchy–Schwarz inequality we get

[b(v, ϕ)]2 ≤ 2 ·

|v|2Hs(ωk)|ϕk|2Hs(ωk) + 4µk

∫
ωk

∫
T \ωk

[v(x) − v(y)]2

|x− y|m+2s
dxdy


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with

µk =
∫
ωk

∫
T \ωk

[ϕk(x)]2

|x− y|m+2s
dxdy =

∫
ωk

∫
T \ωk

[ϕk(x) − ϕk(y)]2

|x− y|m+2s
dxdy

≤
∫
T

∫
T

[ϕk(x) − ϕk(y)]2

|x− y|m+2s
dxdy = |ϕk|2Hs(T ) ≤ c · ||ϕk||2Hs(ωk).

Hence, (2.14) follows by summing up over all k = 1, . . . ,M . 
�
Now we are able to give the proof of Theorem 2.2:

Proof of Theorem 2.2. For v ∈ Hs(T ) let Phv ∈ Vh satisfying the
stability estimate (1.84) and the error estimate (1.85). Then, by duality, using
definition (1.75) and (1.84),

||Πs
hu||H̃−s(T ) = sup

0 �=v∈Hs(T )

|〈Πs
hu, v〉L2(T )|
||v||Hs(T )

= sup
0 �=v∈Hs(T )

{ |〈Πs
hu, Phv〉L2(T )|
||v||Hs(T )

+
|〈Πs

hu, (I − Ph)v〉L2(T )|
||v||Hs(T )

}

= sup
0 �=v∈Hs(T )

{ |〈u, Phv〉Hs(T )|
||v||Hs(T )

+
|〈Πs

hu, (I − Ph)v〉L2(T )|
||v||Hs(T )

}

≤ c · ||u||Hs(T ) + sup
0 �=v∈Hs(T )

|〈Πs
hu, (I − Ph)v〉L2(T )|

||v||Hs(T )
.

For the second summand we use the Cauchy–Schwarz inequality to obtain

|〈Πs
hu, (I − Ph)v〉L2(T ) ≤

N∑
�=1

|〈Πs
hu, (I − Ph)v〉L2(τ�)|

≤
N∑

�=1

||Πs
hu||L2(τ�)||(I − Ph)v||L2(τ�)

≤
(

N∑
�=1

h2s
� · ||Πs

hu||2L2(τ�)

)1/2( N∑
�=1

h−2s
� · ||(I − Ph)v||2L2(τ�)

)1/2

≤ c ·
(

N∑
�=1

h2s
� · ||Πs

hu||2L2(τ�)

)1/2

||v||Hs(T )

due to (1.85). Now, the assertion follows from Lemma 2.3, definition (1.75)
and Lemma 2.5. Indeed,
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N∑
�=1

h2s
� · ||Πs

hu||2L2(τ�) ≤ c ·
M∑

k=1

[ 〈Πs
hu, ϕk〉L2(T )

||ϕk||Hs(ωk)

]2

= c ·
M∑

k=1

[ 〈u, ϕk〉Hs(T )

||ϕk||Hs(ωk)

]2
≤ c · ||u||2Hs(T ). 
�

The proof of Theorem 2.2 was essentially based on Assumption 2.1. In
what follows we will consider several situations when (2.8) and therefore (2.6)
is satisfied. We first consider the Galerkin L2 projection Qh defined by (1.64)
using piecewise linear test and trial functions. Then we investigate the sta-
bility of the generalized L2 projection Q̃h when using piecewise constant test
functions which are defined on the dual mesh. For these two cases we obtain
explicit and computable conditions by computing the minimal eigenvalue of
GS

� . Then, for m = 1 we give discuss some numerical results concerning the
stability of Qh when using higher order polynomials to define the finite ele-
ment space Vh. Finally we discuss the use of biorthogonal basis functions as
introduced in [73]. In this case, (2.1) is trivially satisfied and no additional
restrictions appear.

2.1 Piecewise Linear Elements

First we consider the standard L2 projectionQh with Vh = Wh using piecewise
linear basis functions defined with respect to a triangulation TN , see [18] for
s = 1 and [66] for s ∈ (0, 1). Here, a finite element τ� is either an interval
(m = 1), a triangle (m = 2) or a tetrahedron (m = 3). Then,

Vh := span{ϕk}M
k=1 ⊂ H1(T ) with ϕk(xj) = δkj . (2.15)

The local Gram matrices (1.46) are given by

G� =
1

(m+ 1)(m+ 2)
·∆� · (1 + δij)

m+1
i,j=1

with diagonal parts

D� =
2

(m+ 1)(m+ 2)
·∆� · Im+1.

Let em+1 ∈ R
m+1 denote the vector with ek = 1 for all k = 1, . . . ,m + 1.

Then,

G� =
1

(m+ 1)(m+ 2)
·∆� ·

[
Im+1 + em+1 e

�
m+1
]
.

Therefore, all eigenvalues of the generalized eigenvalue problem
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G� x = λi ·D� x for x ∈ R
m+1

are given by

λ1 =
1
2
(2 +m), λi =

1
2

for i = 2, . . . ,m+ 1. (2.16)

Hence we have

1
2

· (D�x, x) ≤ (G�x, x) ≤ 1
2
(2 +m) · (D�x, x) for all x ∈ R

m+1 (2.17)

and therefore Assumption 1.1 is satisfied with

cG1 =
1
2
, cG2 =

1
2
(2 +m) .

Next we have to check Assumption 2.1 locally. For this we compute the sym-
metric matrix GS

� , see (2.7),

GS
� :=

1
2

· 1
(m+ 1)(m+ 2)

·∆� ·Am+1 (2.18)

with

Am+1 := H�[Im+1 + em+1e
�
m+1]H

−1
� +H−1

� [Im+1 + em+1e
�
m+1]H�.

Hence to show (2.8) it is sufficient to consider the eigenvalues of the matrix
Am+1. Let

a := (ĥs
k1
, . . . , ĥs

km+1
)�, b := (

1

ĥs
k1

, . . . ,
1

ĥs
km+1

)�.

Note that
a · b = m+ 1.

Obviously,
Am+1 = 2 · Im+1 + a b� + b a�

is a rank 2 perturbation of the diagonal matrix 2 Im+1. To compute the eigen-
values of

Ãm+1 := a b� + b a�

we first assume that a and b are linear independent. Any eigenvector x of
Ãm+1 can be written as

x = αa+ βb.

Then, the eigenvalue problem

Ãm+1x = λ̃x

is equivalent to the matrix eigenvalue problem
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m+ 1 b�b
a�a m+ 1

)(
α

β

)
= λ̃

(
α

β

)
.

Hence the nonzero eigenvalues of Ãm+1 are given by

λ̃1/2 = m+ 1 ±
√

(a�a)(b�b).

The eigenvalues of Am+1 are now given by

λ1/2 = 3 +m±
√ ∑

k∈J(�)

ĥ2s
k

∑
k∈J(�)

ĥ−2s
k , λ3 = . . . = λm+1 = 2. (2.19)

Note that this remains true when a and b are linear dependent. Then we have
ĥk = h for all k ∈ J(	) and

λ1 = 4, λ2, . . . , λm+1 = 2.

This corresponds to the special case of a globally quasi-uniform mesh.
To ensure that the matrix Am+1 is positive definite we have to require

λ0 := min
�=1,...,N

3 +m−
√ ∑

k∈J(�)

ĥ2s
k

∑
k∈J(�)

ĥ−2s
k

 > 0 (2.20)

uniformly for all 	 = 1, . . . , N . Then, (2.8) holds with c0 = 1
2λ0.

Remark 2.6. In fact, (2.20) is a local mesh condition to be satisfied. Since ĥk

is equivalent to the mesh size of all neighboring elements, (2.20) describes a
bound for the ratio of the volume of neighboring elements. Note that for a
globally quasi-uniform mesh we can set ĥk = h to get λ0 = 2. Hence we have
stability as already proved for globally quasi-uniform meshes, see Theorem
1.8.

Remark 2.7. Taking the limit s → 0 in (2.20) we get λ0 = 2 implying the
stability of the L2 projection in L2(T ) without any further condition. This
means, that the mesh condition (2.20) reflects the dependency of the Sobolev
index s ∈ [0, 1] in a natural way.

Next we will discuss a few examples illustrating the theoretical results
stated until now.

As a first example, for m = 1, we consider the interval [0, 1] which is
decomposed into N elements τ�. For q > 1 we define a geometrically refined
mesh by

h :=
q − 1
qN − 1

, h� := hq�−1, x1 := 0, x�+1 := x� + h� for 	 = 1, . . . , N.

(2.21)
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For m = 1 the mesh condition (2.20) reads

λ0 := min
�=1,...,N

{
4 − ĥ�

ĥ�+1
− ĥ�+1

ĥ�

}
> 0 .

In what follows we will demonstrate, that the specific definition of the as-
sociated mesh size ĥk may not have any influence of the resulting stability
condition (2.20).

i. Averaging of local mesh sizes:

ĥ� =


h for 	 = 1,

1
2
hq�−2(1 + q) for 	 = 2, . . . , N,

hqN−1 for 	 = N + 1.

(2.22)

Then,

ĥ�

h�−1
=


1
2
(1 + q) for 	 = 2, . . . , N,

1 for 	 = N + 1,

ĥ�

h�
=


1 for 	 = 1,

1
2
(1 +

1
q
) for 	 = 2, . . . , N.

Hence we have for k = 1, . . . , N + 1

1
2
(1 +

1
q
) · h� ≤ ĥk ≤ 1

2
(1 + q) · h� for all 	 ∈ I(k),

and therefore (1.53) is satisfied. Now,

ĥ�

ĥ�+1
=



2
1 + q

for 	 = 1,

1
q

for 	 = 2, . . . , N − 1,

1 + q

2q
for 	 = N.

The mesh condition (2.20) then reads

λ0 = min
{

4 − 2
1 + q

− 1 + q

2
, 4 − 1

q
− q, 4 − 1 + q

2q
− 2q

1 + q

}
> 0

from which we get
q < 2 +

√
3.
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ii. Mass of basis functions:

ĥ� =



1
3
h for 	 = 1,

1
3
hq�−2(1 + q) for 	 = 2, . . . , N,

1
3
hqN−1 for 	 = N + 1.

Then,

ĥ�

h�−1
=


1
3
(1 + q) for 	 = 2, . . . , N,

1
3

for 	 = N + 1,

ĥ�

h�
=


1
3

for 	 = 1,

1
3
(1 +

1
q
) for 	 = 2, . . . , N.

Hence we have for k = 1, . . . , N + 1

1
3

· h� ≤ ĥk ≤ 1
3
(1 + q) · h� for all 	 ∈ I(k).

Now,

ĥ�

ĥ�+1
=



1
1 + q

for 	 = 1,

1
q

for 	 = 2, . . . , N − 1,

1 + q

q
for 	 = N.

The mesh condition (2.20) then reads

λ0 = min
{

4 − 1
1 + q

− (1 + q), 4 − 1
q

− q, 4 − 1 + q

q
− q

1 + q

}
> 0

from which we get
q < 1 +

√
3.

iii. Minimal distance of associated vertices:

ĥ� =


h for 	 = 1,

hq�−1 for 	 = 2, . . . , N,

hqN−1 for 	 = N + 1.



2.1 Piecewise Linear Elements 39

Here we get

ĥ�

ĥ�+1
=


1
q

for 	 = 1, . . . , N − 1,

1 for 	 = N.

The mesh condition (2.20) then reads

λ0 = 4 − 1
q

− q > 0

implying q < 2 +
√

3.

Next we consider an example for m = 2, in particular a triangulation of
the unit square T = (0, 1)2 as constructed in [28, Example 2.1], see Figure 2.1.
The coarse mesh (L = 0) consists of 16 uniform triangles, at any refinement
step each triangle having a vertex on the left edge of T is cut into four new
triangles by connecting the midpoints of its edges. To avoid hanging nodes,
additional triangles are refined following the rules as given in [28]. In [28] it
was shown that this mesh violates the condition needed in [34] to ensure the
stability of the L2 projection in H1(T ).

Fig. 2.1. Mesh for L = 3 with M = 168 nodes

In Table 2.1 we give the computational results to find the constant λ0 as
minimal value over all finite elements τ� for s = 1/2 and s = 1, respectively.
Here, L is the mesh refinement level, N is the number of finite elements and
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M is the number of vertices. We conclude that the L2 projection on this mesh
is stable both in H1/2(T ) and H1(T ), respectively.

L 0 1 2 3 4 5 6
M 25 46 87 168 329 650 1291
N 32 68 140 284 572 1148 2300
s = 1/2 2.00 1.95 1.92 1.88 1.88 1.88 1.88
s = 1 2.00 1.82 1.65 1.49 1.49 1.49 1.49

Table 2.1. Computational results for λ0.

Remark 2.8. In [26] it is shown, that a triangulation into right isosceles trian-
gles as considered in the previous example always satisfies the mesh condition
(2.20). This is due to the definition of ĥk by the minimal distance of associated
vertices, see (1.56).

Finally we consider an adaptive finite element mesh as shown in Figure
2.1 generated by an adaptive algorithm as described in [61]. In Table 2.2 we
give values for λ0 as a function of the refinement level L and the number of
finite element nodes M .

Fig. 2.2. Adaptive finite element triangulation.
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L 0 1 2 3 4 5 6 7 8 9
M 8 17 28 53 87 155 291 532 1034 2003
λ0 2.00 1.93 1.59 1.52 1.52 1.66 1.61 1.09 1.49 1.50

Table 2.2. Computational results for λ0, adaptive refinement, s = 1.
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Fig. 2.3. The dual finite element τ̃k.

2.2 Dual Finite Element Spaces

In this section we consider a generalized L2 projection Q̃h defined by the
Galerkin–Petrov variational problem (1.67). Here we restrict our considera-
tions to the case m = 1 or m = 2. Let Vh ⊂ H1(T ) be the finite element
space spanned by piecewise linear nodal basis functions ϕk, k = 1, . . . ,M , see
(2.15). To define the test space Wh we use piecewise constant basis functions
which are defined with respect to a dual mesh of Th. To construct such a dual
mesh T̃M we proceed as it is usually done in finite volume methods, see for
example [35]. The dual finite element τ̃k associated with an interior vertex xk

of TN is defined by the midpoints x̂� of τ�. For m = 2 we add the midpoints
of the related element edges to define τ̃k, see Figure 2.3. Note, that one has
to apply appropriate modifications when xj is a boundary node. Now,

T̃M :=
M⋃

k=1

τ̃k (2.23)

is the dual mesh of TN . With respect to T̃M we define the trial space

Wh = span{ψk}M
k=1 ⊂ L2(T ) (2.24)

of piecewise constant basis functions ψk with support τ̃k for k = 1, . . . ,M .
The stiffness matrix of the generalized L2 projection Q̃h defined by (1.67)

is given by
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G̃h[j, k] = 〈ϕk, ψj〉L2(T ) for k, 	 = 1,M. (2.25)

For each element τ� and using the finite element spaces Vh and Wh as defined
in (2.15) and (2.24) we compute the local stiffness matrices G̃�, see (1.61).

For m = 1 we get, see (1.60) and (1.61),

Ĝ� =
1
2

·∆� ·
(

1 0
0 1

)
, G̃� =

1
8

·∆� ·
(

3 1
1 3

)
and therefore

3
4

· (D�x, x) ≤ (G̃�x, x) ≤ 3
2

· (D�x2, x) for allx ∈ R
2 (2.26)

as well as
3
2

· (D�x, x) = (G̃�x, x) for all x ∈ R
2. (2.27)

Therefore, Assumption (1.2) is satisfied. To check Assumption 2.1 we compute,
as in (2.7),

G̃S
� =

1
16

·∆� ·A� with A� :=


6

ĥs
1

ĥs
2

+
ĥs

2

ĥs
1

ĥs
1

ĥs
2

+
ĥs

2

ĥs
1

6

 .

Hence we have to compute the eigenvalues of A�, which are given by

λ1/2 = 6 ±
(
ĥs

1

ĥs
2

+
ĥs

2

ĥs
1

)
for m = 1.

For m = 2 we define the dual mesh locally via a reference element as shown
in Figure 2.4. Then we get

Ĝ� =
1
3

·∆� ·

1 0 0
0 1 0
0 0 1

 , G̃� =
1

108
·∆� ·

22 7 7
7 22 7
7 7 22


and therefore

5
6

· (D�x, x) ≤ (G̃�x, x) ≤ 2 · (D�x, x) for all x ∈ R
3. (2.28)

as well as
2 · (D�x, x) = (Ĝ�x, x) for x ∈ R

3. (2.29)

Therefore, Assumption 1.2 is satisfied. Moreover,
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Fig. 2.4. Reference element for m = 2.

G̃S
� =

7
216

·∆� ·A� with A� :=



44
7

ĥs
1

ĥs
2

+
ĥs

2

ĥs
1

ĥs
1

ĥs
3

+
ĥs

3

ĥs
1

ĥs
2

ĥs
1

+
ĥs

1

ĥs
2

44
7

ĥs
2

ĥs
3

+
ĥs

3

ĥs
2

ĥs
3

ĥs
1

+
ĥs

1

ĥs
3

ĥs
3

ĥs
2

+
ĥs

2

ĥs
3

44
7


.

The eigenvalues of A� are

λ1 =
30
7
, λ2,3 =

51
7

±

√√√√ 3∑
i=1

ĥ2s
i

3∑
i=1

1

ĥ2s
i

for m = 2.

To summarize the results of this section, the stability assumption (2.6) is
satisfied if

αm −
√ ∑

k∈J(�)

ĥ2s
k

∑
k∈J(�)

ĥ−2s
k ≥ c0 > 0 (2.30)

holds for all finite elements τ� with a global positive constant c0 where

αm =

{
6 for m = 1,

51/7 for m = 2.

Note that the local mesh conditions (2.30) are weaker than (2.20) when using
piecewise linear test and trial functions.
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2.3 Higher Order Finite Element Spaces

In this section we consider the case when using finite element spaces of higher
order polynomials to define the L2 projection Qh by a Galerkin–Bubnov ap-
proach. Without loss of generality we restrict our considerations to the case
s = 1. Due to the complicate structure of the local stiffness matrices G� it
is in general impossible to get explicit conditions as in the case of piecewise
linear basis functions, see (2.20). Instead, one can approximate the minimal
eigenvalue of the symmetrized scaled mass matrix GS

� numerically. Using a
geometrically refined mesh as defined in (2.21), we investigate the mesh con-
dition (2.6) for different trial spaces. Here we restrict our considerations to the
case m = 1, however, this approach can be applied for an arbitraryly given
mesh for m = 2 or m = 3.

Let τ� be an arbitrary finite element of the geometrically refined mesh
(2.21) defined by its vertices x� and x�+1. Then, h� = |x�+1 −x�|. We will use
the parametrisation

τ� :=
{
x(s) = x� +

1
2
(s+ 1) · (x�+1 − x�) for s ∈ [−1, 1]

}
.

Let p ∈ N be a given polynomial degree which may be different on several
finite elements τ�. To define the local trial space Vh(τ�) we use form functions
ϕj

�(x) = ϕj(x(s)) which are defined on the parameter interval [−1, 1],

Vh(τ�) := span{ϕj
�}

p
j=0 , dimVh(τ�) = p+ 1.

The local Galerkin stiffness matrix G�, which is symmetric, is now given by

Gp
� [j, k] =

∫
τ�

ϕk
� (x(s))ϕj

�(x(s))dx =
1
2
h�

1∫
−1

ϕk
p(s)ϕj

p(s)ds.

Computing the eigenvalues of D−1
� G� we can check Assumption 1.1 while

computing the eigenvalues of

GS
� :=

1
2
[
H�G�H

−1
� +H−1

� G�H�

]
we can investigate Assumption 2.1.

Lagrange Polynomials

Let us first consider the case when using Lagrange polynomials locally to
define the trial space Vh(τ�). For piecewise linear basis functions (p = 1) this
was already considered in Section 2.1. For p = 2 the form functions are given
by
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ϕ0
2(s) =

1
2
(s2 − s), ϕ1

2(s) =
1
2
(s2 + s), ϕ2

2(s) = 1 − s2.

For p = 3 we have

ϕ0
3(s) =

1
16

(−9s3 + 9s2 + s− 1),

ϕ1
3(s) =

1
16

(9s3 + 9s2 − s− 1),

ϕ2
3(s) =

1
16

(27s3 − 9s2 − 27s− 9),

ϕ3
3(s) =

1
16

(−27s3 − 9s2 + 27s+ 9).
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Fig. 2.5. Lagrange polynomials.

In [34, Theorem 2] it was shown that the L2 projection Qh is stable in
H1([0, 1]) if

hi

hj
≤ C0 · α|i−j|, α ≤ (1 + p)2 (2.31)

is satisfied. When using the geometrically refined mesh (2.21), this gives as
upper bound for q,

q ≤ C0 · (1 + p)2 . (2.32)

Now we will apply the theory developed here to investigate the stability of
the associated L2 projection Qh. For this we have to compute the local mass
matrix Gp

� , we obtain
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G2
� =

h�

30
·

 4 −1 2
−1 4 2

2 2 16

 , G3
� =

h�

1680


128 19 99 −36
19 128 −36 99
99 −36 648 −81

−36 99 −81 648

 .

Let Dp
� = diagGp

� . Then we compute the extremal eigenvalues of (Dp
� )−1Gp

�

to get

λmin ((D2
� )−1G2

�) =
1
2
, λmax ((D2

� )−1G2
�) =

5
4
,

λmin ((D3
� )−1G3

�) =
1
2
, λmax ((D3

� )−1G3
�) =

189
128

.

Therefore, Assumption 1.1 is satisfied. To investigate Assumption 2.1 we com-
pute the minimal eigenvalue for the scaled matrix (Dp

� )−1Gp
� . The diagonal

matrix H� is hereby defined by using (2.22). For p = 1, 2, 3 we compute the
constant c0 in (2.6) for different values of q. The results are given in Figure
2.6 and confirm the theoretical estimate (2.32). In particular, for increasing
polynomial degrees, a stronger geometrically refinement is allowed.

-0.1

0

0.1

0.2

0.3

0.4

0.5

1 2 3 4 5 6 7

p=1
p=2
p=3

Fig. 2.6. Values of c0 in (2.6) for varying q.
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Antiderivatives of Legendre Polynomials

Instead of Lagrange polynomials we now use antiderivatives of Legendre poly-
nomials to define the form functions ϕj(s), s ∈ [−1, 1],

ϕ0(s) :=
1
2
(1 − s), ϕ1(s) :=

1
2
(1 + s),

ϕj(s) := −2j−1

s∫
−1

Lj−1(t)dt for j = 2, . . . , p.

Note that the piecewise linear form functions ϕ0 and ϕ1 define some global
basis functions while the higher order form functions are locally. Moreover,
the trial space Vh(τ�) is now defined hierarchically. As an example we consider
the form functions for p = 4, see Figure 2.7:

ϕ2(s) = −s2 + 1,

ϕ3(s) = −2s3 + 2s,

ϕ4(s) = −5s4 + 6s2 − 1.

-1.5

-1

-0.5

0

0.5

1

1.5

-1 -0.5 0 0.5 1

j=0
j=1
j=2
j=3
j=4

Fig. 2.7. Antiderivatives of Legendre polynomials, p = 4.

For p = 4 we compute the local mass matrix to obtain
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G4
� =

1
630

· h� ·



210 105 210 −84 0
105 210 210 84 0
210 210 336 0 −96
−84 84 0 192 0

0 0 −96 0 256

 .

Note that for p < 4 the Galerkin matrices Gp
� are given by the related block

matrices in G4
� . Let Dp

� = diagGp
� . To investigate Assumption 1.1 we compute

the extremal eigenvalues of (Dp
� )−1Gp

� :

p λmin ((Dp
� )−1Gp

� ) λmax ((Dp
� )−1Gp

� )
1 0.5000 1.5000
2 0.1044 2.3956
3 0.1044 2.3956
4 0.0354 2.4256

Table 2.3. Numerical results for Assumption 1.1.

Therefore, Assumption 1.1 is satisfied. To investigate Assumption 2.1 for
the geometrically refined mesh (2.21) we compute the minimal eigenvalue of
(Dp

� )−1Gp
� for varying q, see Figure 2.8.

Now, the mesh parameter q has to be decreased when the polynomial
degree p is increased.

2.4 Biorthogonal Basis Functions

The stability assumption (2.1),

(H�G̃
�
� H

−1
� x�, x�) ≥ c0 · (D�x�, x�) for all x� ∈ R

M� ,

is trivially satisfied when G�
� is a diagonal matrix. Then, c0 = 1. Recall that

the local mass matrix G̃� is defined by

G̃�[j, i] = 〈ϕ�
i , ψ

�
j〉L2(τ�) for i, j = 1, . . . ,M�.

For a given trial space Vh(τ�) we therefore have to find a biorthogonal basis
of Wh(τ�) such that

〈ϕ�
i , ψ

�
j〉L2(τ�) = 0 for i �= j.

Biorthogonal basis functions are well established in the context of wavelet
approximations of boundary integral equations, see [56] and the references
given there. In [74, 75] they were adapted to Mortar finite element methods.
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Fig. 2.8. Values of c0 in (2.6) for varying q.

Here we will recall the definition of biorthogonal basis functions for m = 1 to
illustrate how this approach fits into the general theory presented here. Let
Vh(τ�) the local trial space of piecewise linear form functions, see (1.45). Let
the finite element τ� be parametrized as

τ� := {x(s) = x� + s · (x�+1 − x�) for s ∈ [0, 1]} .

To define Vh(τ�) we have ϕ�
j(x(s)) = ϕj(s) using form functions given as

ϕ1(s) = 1 − s, ϕ2(s) = s for s ∈ [0, 1].

Now we have to find form functions ψj satisfying

s∫
0

ϕi(s)ψj(s)ds =
1
2

· δij for i, j = 1, 2.

As in [74] we construct ψj either as a piecewise constant or a piecewise linear
basis function, see Figure 2.9. For a piecewise constant basis function, a simple
computation gives
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ψ0
1(s) =


3
2

for s ∈ [0,
1
2
),

−1
2

for s ∈ [
1
2
, 1],

(2.33)

ψ0
2(s) =


−1

2
for s ∈ [0,

1
2
),

3
2

for s ∈ [
1
2
, 1].

(2.34)
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1

Fig. 2.9. Biorthogonal basis functions.

Now we have to check Assumption 1.2. Since G̃� is diagonal, (1.62) is
trivially satisfied. To show (1.63) we compute Ĝ� to obtain

Ĝ� =
h�

4
·
(

5 −3
−3 5

)
.

Then we get

3
2

· (D�x�, x�) ≤ (Ĝ�x�, x�) ≤ 6 · (D�x�, x�) for all x� ∈ R
M�

and (1.63) is satisfied. For a piecewise linear trial function we obtain the form
functions

ψ1
1(s) = 2 − 3s, ψ2

2(s) = 3s− 1 for s ∈ [0, 1]. (2.35)
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Then,

Ĝ� =
h�

2
·
(

2 −1
−1 2

)
and therefore

3 · (D�x�, x�) ≤ (Ĝ�x�, x�) ≤ 9 · (D�x�, x�) for all x� ∈ R
M� .

Hence, Assumption 1.2 is satisfied.
For higher order polynomial basis functions as well as for m = 2 we can

consider corresponding biorthogonal basis functions in a similar way, see [74].
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The Dirichlet–Neumann Map for Elliptic
Boundary Value Problems

By solving an elliptic second order boundary value problem with Dirichlet
boundary conditions the associated Neumann data are well defined. This
Dirichlet–Neumann map can be used to solve boundary value problems with
mixed boundary conditions (see Chapter 4) as well as in domain decomposi-
tion methods (see Chapter 5). The Dirichlet–Neumann map can be written
as

γ1u(x) = Sγ0u(x) −Nf(x) for x ∈ Γ.

We will use a domain variational formulation (see (3.16)) as well as bound-
ary integral equations (see (3.40) and (3.55)) to describe and to analyze the
Steklov–Poincaré operator S and the Newton potential Nf . Since both repre-
sentations are given implicitly, we have to define suitable approximations to
be used in practical computations. This is done by using finite and bound-
ary element methods leading to approximations having similar analytic and
algebraic properties.

The Dirichlet–Neumann map was originally introduced in [2]; see also [55]
for a finite element approach and [44] for a coupled finite and boundary ele-
ment approach.

Let Ω ⊂ R
n and n = 2 or n = 3 be a bounded domain with Lipschitz

boundary Γ = ∂Ω which is decomposed into non–overlapping parts ΓD and
ΓN . We assume measn−1 ΓD > 0. As a model problem we consider a scalar
second order uniformly elliptic boundary value problem with mixed boundary
conditions of Dirichlet and Neumann type, respectively:

L(x)u(x) = f(x) for x ∈ Ω,

γ0u(x) = gD(x) for x ∈ ΓD,

γ1u(x) = gN (x) for x ∈ ΓN .

(3.1)

Instead of a scalar problem we may consider systems as well, then all fur-
ther assumptions have to be formulated in an appropriate way. We assume

O. Steinbach: LNM 1809, pp. 53–70, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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f ∈ H̃−1(Ω), gD ∈ H1/2(ΓD) and gN ∈ H−1/2(ΓN ). In (3.1), the partial
differential operator L(x), x ∈ Ω, is given by

L(x)u(x) = −
n∑

i,j=1

∂

∂xj

[
aji(x)

∂

∂xi
u(x)

]
(3.2)

with aji = aij ∈ L∞(Ω), i, j = 1, . . . , n. L(·) is assumed to be uniformly
elliptic, in particular, there exists a positive constant c0 independent of x ∈ Ω
such that for all x ∈ Ω,

n∑
k,�=1

ak�(x)ξkξ� ≥ c0 · |ξ|2 for all ξ ∈ R
n. (3.3)

In addition, γ0 : H1(Ω) → H1/2(Γ ) is the trace operator and the associated
conormal derivative operator γ1 is given by

γ1u(x) :=
n∑

i,j=1

nj(x)aji(x)
∂

∂xi
u(x) for x ∈ Γ (3.4)

where n(x) is the exterior unit normal vector defined almost everywhere for
x ∈ Γ . For u, v ∈ H1(Ω) we define the symmetric bilinear form

a(u, v) :=
n∑

i,j=1

∫
Ω

∂

∂xj
v(x)aji(x)

∂

∂xi
u(x)dx

which is bounded in H1(Ω),

|a(u, v)| ≤ cA2 · ||u||H1(Ω)||v||H1(Ω) for all u, v ∈ H1(Ω). (3.5)

Now we can write Green’s second formula for u, v ∈ H1(Ω),

a(u, v) =
∫
Ω

Lu(x)v(x)dx+
∫
Γ

γ1u(x)γ0v(x)dsx. (3.6)

Using (3.6), the variational formulation of the mixed boundary value problem
(3.1) is: find u ∈ H1(Ω) satisfying γ0u(x) = g(x) for x ∈ ΓD such that

a(u, v) =
∫
Ω

f(x)v(x)dx+
∫

ΓN

gN (x)γ0v(x)dsx (3.7)

for all v ∈ H1(Ω) with γ0v(x) = 0 for x ∈ ΓD.
Let

H1
0 (Ω,ΓD) :=

{
v ∈ H1(Ω) : γ0v(x) = 0 for x ∈ ΓD

}
. (3.8)



3 The Dirichlet–Neumann Map for Elliptic Boundary Value Problems 55

From the uniform ellipticity (3.3) and using the Poincaré inequality we get
that the bilinear form a(·, ·) is elliptic on H1

0 (Ω,ΓD),

a(v, v) ≥ cA1 · ||v||2H1(Ω) for all v ∈ H1
0 (Ω,ΓD). (3.9)

Now, using (3.5) and (3.9) we can apply the Lax–Milgram theorem to prove
the following result, see for example [52, Theorem 4.10]:

Theorem 3.1. Let the bilinear form a(·, ·) be bounded and elliptic on the space
H1

0 (Ω,ΓD). Then the variational problem (3.7) has a unique solution u ∈
H1(Ω) satisfying

||u||H1(Ω) ≤ c ·
{

||f ||H̃−1(Ω) + ||gD||H1/2(ΓD) + ||gN ||H−1/2(ΓN )

}
. (3.10)

Instead of the mixed boundary value problem (3.1) we also consider the
Dirichlet boundary value problem

L(x)u(x) = f(x) for x ∈ Ω, γ0u(x) = g(x) for x ∈ Γ (3.11)

to define an associated Dirichlet–Neumann map. Applying Theorem 3.1 there
exists a unique weak solution u ∈ H1(Ω) of (3.11). Hence, by (3.4) we can
compute the conormal derivative λ := γ1u. In what follows we prove that
λ ∈ H−1/2(Γ ), see also [52, Lemma 4.3]. For u ∈ H1(Ω) being the unique
solution of (3.11) we define the linear functional

	(w) := a(u, Ew) −
∫
Ω

f(x)Ew(x)dx for w ∈ H1/2(Γ ). (3.12)

where E : H1/2(Γ ) → H1(Ω) is a bounded extension operator, see Theorem
1.1. Using (3.10) we get

|	(w)| ≤ c ·
{

||g||H1/2(Γ ) + ||f ||H̃−1(Ω)

}
· ||w||H1/2(Γ ) for all w ∈ H1/2(Γ ).

(3.13)
Applying the Riesz representation theorem, there exists a λ ∈ H−1/2(Γ ) such
that

〈λ,w〉L2(Γ ) = 	(w) for all w ∈ H1/2(Γ ). (3.14)

Hence, the conormal derivative λ ∈ H−1/2(Γ ) satisfies∫
Γ

λ(x)w(x)dsx = a(u0 + Eg, Ew) −
∫
Ω

f(x)Ew(x)dx for all w ∈ H1/2(Γ ).

(3.15)
By doing so, we have defined a map from the given data (f, g) to the associated
Neumann boundary data λ := γ1u. In particular, for fixed f and varying
Dirichlet boundary data g = γ0u we have defined a Dirichlet–Neumann map
which we may write as
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γ1u(x) = Sg(x) −Nf(x) for x ∈ Γ. (3.16)

Here, S is the Steklov–Poincaré operator and Nf is some Newton poten-
tial. The mixed boundary value problem (3.1) is then equivalent to find the
Dirichlet data u with u(x) = g(x) for x ∈ ΓD such that

gN (x) = γ1u(x) = Su(x) −Nf(x) for x ∈ ΓN . (3.17)

In Chapter 4 we will investigate the boundary integral equation (3.17) to
ensure unique solvability. Then we describe different discretization techniques
to solve (3.17) numerically.

3.1 The Steklov–Poincaré Operator

To define and to analyze the Steklov–Poincaré operator S used in (3.16), we
first consider the homogeneous Dirichlet boundary value problem

L(x)u(x) = 0 for x ∈ Ω, γ0u(x) = g(x) for x ∈ Γ (3.18)

where g ∈ H1/2(Γ ) is given. The variational problem is: find u ∈ H1(Ω) with
γ0u(x) = g(x) for x ∈ Γ such that

a(u, v) = 0 for all v ∈ H1
0 (Ω,Γ ). (3.19)

Due to Theorem 3.1 there exists a unique solution u ∈ H1(Ω) of (3.19) and
we can compute its conormal derivative λ(x) := γ1u(x) for x ∈ Γ almost
everywhere. Using (3.6) the related variational problem is: find λ ∈ H−1/2(Γ )
such that ∫

Γ

λ(x)w(x)dsx = a(u, Ew) for all w ∈ H1/2(Γ ) (3.20)

where Ew ∈ H1(Ω) is a bounded extension of w ∈ H1/2(Γ ), see Theorem 1.1.
Let g̃ := Eg ∈ H1(Ω) be a bounded extension of the given Dirichlet datum

g ∈ H1/2(Γ ) and let us define the bounded bilinear form

b(w, µ) :=
∫
Γ

w(x)µ(x)dsx : H1/2(Γ ) ×H−1/2(Γ ) → R. (3.21)

Then we may write (3.19) and (3.20) as a coupled variational problem to find
(u0, λ) ∈ H1

0 (Ω,Γ ) ×H−1/2(Γ ) such that

a(u0 + g̃, v) = 0
b(w, λ) = a(u0 + g̃, Ew)

(3.22)

for all (v, w) ∈ H1
0 (Ω,Γ ) ×H1/2(Γ ).
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Theorem 3.2. For any g ∈ H1/2(Γ ) there exists a unique solution λ ∈
H−1/2(Γ ) of the coupled variational problem (3.22) satisfying

||λ||H−1/2(Γ ) ≤ c · ||g||H1/2(Γ ). (3.23)

Proof. Applying Theorem 3.1 we first have that there exists a unique solution
u0 ∈ H1

0 (Ω,Γ ) satisfying

a(u0 + g̃, v) = 0 for all v ∈ H1
0 (Ω,Γ )

and

||u0||H1(Ω) ≤ cA2
cA1

· ||g̃||H1(Ω).

Defining u := u0 + g̃ ∈ H1(Ω) we obtain, by applying Theorem 1.1,

||u||H1(Ω) ≤ cT · (1 +
cA2
cA1

) · ||g||H1/2(Γ ).

It remains to prove the solvability of the variational problem to find λ ∈
H−1/2(Γ ) such that

b(w, λ) = 〈w, λ〉L2(Γ ) = a(u, Ew) for all w ∈ H1/2(Γ ).

By setting X := H1/2(Γ ), Π := H−1/2(Γ ) and B = I this corresponds to the
general situation as described in Theorem 1.2. Hence we have to check the
inf–sup condition (1.18). Since H−1/2(Γ ) is the dual space of H1/2(Γ ) with
respect to the L2 inner product, we therefore have

||µ||H−1/2(Γ ) = sup
0 �=w∈H1/2(Γ )

|〈w, µ〉L2(Γ )|
||w||H1/2(Γ )

for all µ ∈ H−1/2(Γ )

implying the inf–sup condition (1.18) with γS = 1. Using Theorem 1.2 this
gives unique solvability of the second variational problem in (3.22). Moreover,
with

||λ||H−1/2(Γ ) = sup
0 �=w∈H1/2(Γ )

|〈w, λ〉L2(Γ )|
||w||H1/2(Γ )

= sup
0 �=w∈H1/2(Γ )

a(u0 + g̃, Ew)
||w||H1/2(Γ )

≤ cIT · cA2 · ||u||H1(Ω) ≤ cIT · cA2 · cT · (1 +
cA2
cA1

) · ||g||H1/2(Γ )

we get the estimate (3.23). 
�
By solving the coupled variational problem (3.22) we have defined a lin-

ear operator mapping some given Dirichlet data g = γ0u to the associated
Neumann data λ = γ1u,

Sg(x) := λ(x) for x ∈ Γ. (3.24)
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In particular, by the Riesz representation theorem we have the identity

〈Sg,w〉L2(Γ ) = b(w, λ) for all w ∈ H−1/2(Γ ). (3.25)

From Theorem 3.2 it is obvious that S : H1/2(Γ ) → H−1/2(Γ ) is a bounded
operator with

||Sg||H−1/2(Γ ) ≤ c · ||g||H1/2(Γ ) for all g ∈ H1/2(Γ ). (3.26)

Let us define the function space

H
1/2
0 (Γ, ΓD) :=

{
v ∈ H1/2(Γ ) : γ0v(x) = 0 for x ∈ ΓD

}
(3.27)

where measn−1ΓD > 0. Note that

H
1/2
0 (Γ, ΓD) = H̃1/2(ΓN ) .

Now we can prove the ellipticity of the Steklov–Poincaré operator S on the
subspace H1/2

0 (Γ, ΓD), see also [2].

Theorem 3.3. The Steklov–Poincaré operator defined by (3.24) is elliptic on
H

1/2
0 (Γ, ΓD),

〈Sv, v〉L2(Γ ) ≥ cS1 · ||v||2H1/2(Γ ) for all v ∈ H
1/2
0 (Γ, ΓD). (3.28)

Proof. For an arbitrary but fixed g ∈ H
1/2
0 (Γ, ΓD) we have g(x) = 0 for x ∈

ΓD. Then, for a bounded extension g̃ := Eg ∈ H1(Ω) we clearly have γ0g̃ =
g(x) = 0 for x ∈ ΓD and therefore g̃ ∈ H1

0 (Ω,ΓD). The application of the
Steklov–Poincaré operator is then defined by solving the variational problem
(3.22). Note that u0 ∈ H1

0 (Ω,Γ ) and therefore u := u0 + g̃ ∈ H1
0 (Ω,ΓD).

Inserting the definition (3.24) of the Steklov–Poincaré operator S into the
second equation of (3.22), we get, adding the first equation of (3.22) with
v = u0 ∈ H1

0 (Ω,Γ ),

〈Sg, g〉L2(Γ ) = b(g, Sg) = a(u0 + g̃, g̃)

= a(u0 + g̃, u0 + g̃) = a(u, u) ≥ cA1 · ||u||2H1(Ω)

by (3.9). Applying the trace theorem (Theorem 1.1) we have

||g||H1/2(Γ ) = ||γ0u||H1/2(Γ ) ≤ cT · ||u||H1(Ω)

which completes the proof. 
�
Up to now we only used a domain variational formulation to define and

to describe the Steklov–Poincaré operator S and the Dirichlet–Neumann map
(3.16). Since the Dirichlet–Neumann map is in fact a map from some given
Dirichlet data on the boundary Γ to some Neumann data on Γ , a description
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of S by boundary terms only may be favorable in some situations. Hence we
will now consider boundary integral operators to define the Steklov–Poincaré
operator S.

We assume that there exists a fundamental solution U∗(·, y) of the partial
differential operator L(·) in (3.18). This assumption is, for example, satisfied
when considering partial differential operators with constant coefficients, see
for example the discussion given in [54, p. 31f]. Using a direct approach based
on Green’s formula, the solution of the homogeneous Dirichlet boundary value
problem (3.18) is then given by the representation formula

u(x) =
∫
Γ

U∗(x, y)γ1u(y)dsy −
∫
Γ

γ1(y)U∗(x, y)γ0u(y)dsy for x ∈ Ω.

(3.29)
Here, γ1(y) denotes the application of the conormal derivative operator with
respect to y ∈ Γ . To compute the yet unknown Neumann datum λ(x) :=
γ1u(x) for x ∈ Γ we have to derive a suitable boundary integral equation. By
applying the trace operators γi (i = 0, 1) to the representation formula (3.29)
we obtain a system of boundary integral equations, x ∈ Γ ,(

γ0u

γ1u

)
=

(
1
2I −K V

D 1
2I +K ′

)(
γ0u

γ1u

)
. (3.30)

Here, the boundary integral operators are defined for x ∈ Γ in the standard
way, in particular the single layer potential operator

V λ(x) =
∫
Γ

U∗(x, y)λ(y)dsy, (3.31)

the double layer potential operator

Ku(x) =
∫
Γ

γ1(y)U∗(x, y)u(y)dsy (3.32)

and the adjoint double layer potential

K ′λ(x) =
∫
Γ

γ1(x)U∗(x, y)λ(y)dsy (3.33)

as well as the hypersingular integral operator

Du(x) = −γ1(x)
∫
Γ

γ1(y)U∗(x, y)u(y)dsy. (3.34)

The mapping properties of all boundary integral operators defined above are
well known, see e.g. [32, 33]. In particular, the boundary integral operators
are bounded for |s| ≤ 1

2 :
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V : H−1/2+s(Γ ) → H1/2+s(Γ ),

K : H1/2+s(Γ ) → H1/2+s(Γ ),

K ′ : H−1/2+s(Γ ) → H−1/2+s(Γ ),

D : H1/2+s(Γ ) → H−1/2+s(Γ ).

Moreover, without loss of generality, we assume that the single layer potential
V is H−1/2(Γ )–elliptic satisfying

〈V w,w〉L2(Γ ) ≥ cV1 · ||w||2H−1/2(Γ ) for all w ∈ H−1/2(Γ ). (3.35)

The hypersingular integral operatorD is assumed to beH1/2(Γ ) semi–elliptic,

〈Dw,w〉L2(Γ ) ≥ cD1 · ||w||2H1/2(Γ ) for all w ∈ H1/2(Γ )/R. (3.36)

Here, R is the solution space of the homogeneous Neumann boundary value
problem L(x)u(x) = 0 in Ω and γ1u(x) = 0 on Γ . In fact, the ellipticity
inequalities (3.35) and (3.36) follow from the strong ellipticity (3.3) of the
underlying partial differential operator L(·). However, for n = 2 appropriate
scaling conditions are needed to ensure (3.35), see for example [32, 46].

Since the single layer potential V is assumed to be invertible, we get from
the first equation in (3.30) the Dirichlet–Neumann map

γ1u(x) = V −1(
1
2
I +K)γ0u(x) for x ∈ Γ. (3.37)

Inserting this into the second equation in (3.30), we get an alternative repre-
sentation of the Dirichlet–Neumann map,

γ1u(x) = Dγ0u(x) + (
1
2
I +K ′)γ1u(x)

=
[
D + (

1
2
I +K ′)V −1(

1
2
I +K)

]
γ0u(x). (3.38)

As in (3.24) we can write the Dirichlet–Neumann map for the homogeneous
Dirichlet boundary value problem (3.18) as

γ1u(x) = Sγ0u(x) for x ∈ Γ

using the Steklov–Poincaré operator

Sγ0u(x) = V −1(
1
2
I +K)γ0u(x) (3.39)

=
[
D + (

1
2
I +K ′)V −1(

1
2
I +K)

]
γ0u(x). (3.40)

Note that more alternative representations of the Steklov–Poincaré operators
by boundary integral operators are available, see for example [45]. However,
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here we will consider the symmetric representation (3.40) only. As it will
be seen later, this approach is almost similar to the approach when using a
domain variational formulation to define the Steklov–Poincaré operator.

Based on the mapping properties of the boundary integral operators used
above we can give alternative proofs of the mapping properties of the Steklov–
Poincaré operator S. In particular, S : H1/2(Γ ) → H−1/2(Γ ) is bounded,
see (3.26). Using the symmetric representation (3.40) we get by using the
H−1/2(Γ )–ellipticity of the single layer potential V the spectral equivalence
inequality

〈Sv, v〉L2(Γ ) ≥ 〈Dv, v〉L2(Γ ) for all v ∈ H1/2(Γ ). (3.41)

Hence, using (3.36) we get

〈Sv, v〉L2(Γ ) ≥ cD1 · ||v||2H1/2(Γ ) for all v ∈ H1/2(Γ )/R, (3.42)

see Theorem 3.3. Note that using (3.26) and (3.36) we also have

〈Sv, v〉L2(Γ ) ≤ c · 〈Dv, v〉L2(Γ ) for all v ∈ H1/2(Γ )/R. (3.43)

Hence, the Steklov–Poincaré operator S is spectrally equivalent to the hyper-
singular integral operator D. Note that the Steklov–Poincaré operator S is in
general given implicitly, while the hypersingular integral operator is given in
an explicit form. This becomes important when constructing preconditioners
for Galerkin discretizations of the Steklov–Poincaré operator, see for example
[27].

3.2 The Newton potential

To describe and to analyze the Newton potential used in the Dirichlet–
Neumann map (3.16), we will consider a boundary value problem with ho-
mogeneous Dirichlet boundary conditions,

L(x)u(x) = f(x) for x ∈ Ω, γ0u(x) = 0 for x ∈ Γ. (3.44)

Its variational problem is: find u ∈ H1
0 (Ω,Γ ) such that

a(u, v) =
∫
Ω

f(x)v(x)dx for all v ∈ H1
0 (Ω,Γ ). (3.45)

Due to Theorem 3.1, there exists a unique solution u ∈ H1
0 (Ω,Γ ) of (3.45)

satisfying
||u||H1(Ω) ≤ c · ||f ||H̃−1(Ω). (3.46)

As before we can compute the associated conormal derivative λ(x) := γ1u(x)
for x ∈ Γ by solving the variational problem
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Γ

λ(x)w(x)dsx = a(u, Ew) −
∫
Ω

f(x)Ew(x)dx for all w ∈ H1/2(Γ ). (3.47)

As in Theorem 3.2 we have unique solvability of (3.47):

Theorem 3.4. For any f ∈ H̃−1(Ω) there exists a unique solution λ ∈
H−1/2(Γ ) satisfying

||λ||H−1/2(Γ ) ≤ c · ||f ||H̃−1(Ω). (3.48)

The proof is essentially based on the inf–sup condition for the bilinear
form b(v, µ) := 〈v, µ〉L2(Γ ), see the proof of Theorem 3.2.

Hence, we can define the Newton potential

Nf(x) := −λ(x) for x ∈ Γ (3.49)

where λ ∈ H−1/2(Γ ) is the unique solution of (3.47). Now, applying (3.48) we
have

||Nf ||H−1/2(Γ ) ≤ c · ||f ||H̃−1(Ω) for all f ∈ H̃−1(Ω). (3.50)

Now, instead of (3.45) and (3.47), we use boundary integral equations to
define the Newton potential Nf . For the boundary value problem (3.44) the
representation formula is

u(x) =
∫
Γ

U∗(x, y)λ(y)dsy +
∫
Ω

U∗(x, y)f(y)dy for x ∈ Ω. (3.51)

To find the yet unknown Neumann datum λ ∈ H−1/2(Γ ) we have to solve the
boundary integral equation∫

Γ

U∗(x, y)λ(y)dsy = −
∫
Ω

U∗(x, y)f(y)dy for x ∈ Γ. (3.52)

If we define the Newton potential

N0f(x) :=
∫
Ω

U∗(x, y)f(y)dy for x ∈ Γ, (3.53)

we get by solving (3.52)

λ(x) = −V −1N0f(x) for x ∈ Γ. (3.54)

Therefore, the Newton potential Nf used in (3.16) is given by

Nf(x) := −V −1N0f(x) for x ∈ Γ. (3.55)

Note that we may derive (3.50) by using the mapping properties of the single
layer potential V and of the Newton potential N0f .
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Since both the Steklov–Poincaré operator S and the Newton potential Nf
and therefore the Dirichlet–Neumann map (3.16) are defined only implicitly,
namely by solving a variational problem in the domain or on the boundary,
we have to define suitable approximations S̃ and Ñf to be used in practical
computations. Then, instead of the Dirichlet–Neumann map (3.16) we will
consider the modified Dirichlet Neumann map,

λ̃(x) := S̃g(x) − Ñf(x) for x ∈ Γ. (3.56)

To define these approximations we use either a finite element approxima-
tion or a Galerkin boundary element approximation. We will show that both
approaches lead to stable approximations with similar properties. In par-
ticular, we have to ensure that the approximate Steklov–Poincaré operators
S̃ : H1/2(Γ ) → H−1/2(Γ ) are bounded, elliptic on H

1/2
0 (Γ, ΓD), and satisfy

an approximation property for ||(S− S̃)v||H−1/2(Γ ). In addition we need some
approximation property for the approximate Newton potential, in particular
for ||Nf − Ñf ||H−1/2(Γ ). Then we can make use of the standard theory based
on the Strang lemma [29].

3.3 Approximation by Finite Element Methods

In this section we consider a stable finite element approximation S̃ of the
Steklov–Poincaré operator S and a finite element approximation Ñf of the
Newton potential Nf .

For g ∈ H1/2(Γ ) the application Sg of the Steklov–Poincaré operator is
given by

〈Sg,w〉L2(Γ ) = a(u0 + g̃, Ew) for all w ∈ H1/2(Γ ) (3.57)

where u0 ∈ H1
0 (Ω,Γ ) is the unique solution of

a(u0 + g̃, v) = 0 for all v ∈ H1
0 (Ω,Γ ). (3.58)

Note that g̃ := Eg ∈ H1(Ω) is a bounded extension of the given Dirichlet
datum g ∈ H1/2(Γ ). To define a suitable approximation S̃g we introduce a
finite dimensional trial space

X̃h := span {φk}M̃
k=1 ⊂ H1

0 (Ω,Γ ) (3.59)

of piecewise polynomial basis functions which are zero on the boundary Γ .
The Galerkin approximation of (3.58) is: find u0,h ∈ X̃h such that

a(u0,h + g̃, vh) = 0 for all vh ∈ X̃h. (3.60)

Applying standard arguments we get unique solvability of (3.60), the stability
estimate
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||u0,h||H1(Ω) ≤ cA2
cA1

· ||g̃||H1(Ω) (3.61)

and the quasi–optimal error estimate

||u0 − u0,h||H1(Ω) ≤ cA2
cA1

· inf
vh∈X̃h

||u0 − vh||H1(Ω) . (3.62)

Now we can define an approximate Steklov–Poincaré operator S̃g by

〈S̃g, w〉L2(Γ ) := a(u0,h + g̃, Ew) for all w ∈ H1/2(Γ ). (3.63)

Theorem 3.5. The approximate Steklov–Poincaré operator S̃ defined by (3.63)
is bounded,

||S̃g||H−1/2(Γ ) ≤ cS̃2 · ||g||H1/2(Γ ) for all g ∈ H1/2(Γ ) (3.64)

and satisfies the quasi–optimal error estimate

||(S − S̃)g||H−1/2(Γ ) ≤ c · inf
vh∈X̃h

||u0 − vh||H1(Ω) (3.65)

where u0 ∈ H1
0 (Ω,Γ ) is the unique solution of (3.58).

Moreover, S̃ is elliptic on H
1/2
0 (Γ, ΓD),

〈S̃g, g〉L2(Γ ) ≥ cS1 · ||g||2H1/2(Γ ) for all g ∈ H
1/2
0 (Γ, ΓD). (3.66)

Proof. Using the norm definition in H−1/2(Γ ) by duality, we get with (3.63),
(3.5), (1.1) and (3.61)

||S̃g||H−1/2(Γ ) = sup
0 �=w∈H1/2(Γ )

|〈S̃g, w〉L2(Γ )|
||w||H1/2(Γ )

= sup
0 �=w∈H1/2(Γ )

|a(u0,h + g̃, w̃)|
||w||H1/2(Γ )

≤ cA2 · cIT · ||u0,h + g̃||H1(Ω) ≤ cA2 · cIT · (1 +
cA2
cA1

) · ||g̃||H1(Ω).

Now, (3.64) follows from the inverse trace theorem. To derive the error esti-
mate (3.65) we apply similar ideas to get

||(S − S̃)g||H−1/2(Γ ) = sup
0 �=w∈H1/2(Γ )

|〈Sg − S̃g, w〉L2(Γ )|
||w||H1/2(Γ )

= sup
0 �=w∈H1/2(Γ )

|a(u0 − u0,h, w̃)|
||w||H1/2(Γ )

≤ cA2 · cIT · ||u0 − u0,h||H1(Ω)

≤ cA2 · cIT · c
A
2

cA1
· inf

vh∈X̃h

||u0 − vh||H1(Ω).
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The proof of the ellipticity estimate (3.66) follows as in the proof of Theorem
3.3, note that u0,h ∈ X̃h ⊂ H1

0 (Ω,Γ ). 
�
It is important to note that in the previous theorem we only assumed that

the trial space X̃h ⊂ H1
0 (Ω,Γ ) is conform, and to ensure convergence, has to

satisfy a certain approximation property.
It remains to consider a suitable approximation of the Newton potential

Nf defined by (3.49). For this we consider the Galerkin equations of (3.45):
find uh ∈ X̃h ⊂ H1

0 (Ω,Γ ) such that

a(uh, vh) =
∫
Ω

f(x)vh(x)dx for all vh ∈ X̃h. (3.67)

As in (3.61) and (3.61) we have the stability estimate

||uh||H1(Ω) ≤ 1
cA1

· ||f ||H̃−1(Ω) (3.68)

and the quasi–optimal error estimate

||u− uh||H1(Ω) ≤ cA2
cA1

· inf
vh∈X̃h

||u− vh||H1(Ω) . (3.69)

As in (3.47) we can define an approximate conormal derivative λ̃ ∈ H−1/2(Γ )
satisfying∫

Γ

λ̃(x)w(x)dsx = a(uh, Ew)−
∫
Ω

f(x)Ew(x)dx for all w ∈ H1/2(Γ ) (3.70)

and the approximate Newton potential is given by

Ñf(x) := −λ̃(x) for x ∈ Γ. (3.71)

Theorem 3.6. The approximate Newton potential defined by (3.71) is bounded,

||Ñf ||H−1/2(Γ ) ≤ c · ||f ||H−1(Ω) for all f ∈ H−1(Ω), (3.72)

and satisfies the quasi–optimal error estimate

||(N − Ñ)f ||H−1/2(Γ ) ≤ c · inf
vh∈X̃h

||u− vh||H1(Ω) (3.73)

where u ∈ H1
0 (Ω) is the unique solution of (3.45).

The proof of Theorem 3.6 follows as the proof of Theorem 3.5, we skip the
details.

By using (3.63) and (3.71) in (3.56) we have defined an approximate
Dirichlet–Neumann map (3.56) using finite element methods to approximate
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both the Steklov–Poincaré operator and the Newton potential. Since we are
dealing with linear problems, we can combine both approximations S̃ and Ñf .
Hence, the approximate Dirichlet–Neumann map, in particular, the approxi-
mate Neumann datum λ̃ ∈ H−1/2(Γ ) satisfies∫

Γ

λ̃(x)w(x)dsx = a(u0,h + Eg, Ew) −
∫
Ω

f(x)Ew(x)dx (3.74)

for all w ∈ H1/2(Γ ) where u0,h ∈ X̃h ⊂ H1
0 (Ω) solves

a(u0,h, vh) =
∫
Ω

f(x)vh(x)dx− a(Eg, vh) for all vh ∈ X̃h. (3.75)

Combining the error estimate (3.65) for the approximate Steklov–Poincaré
operator S̃ and (3.73) for the approximate Newton potential Ñf we get an
error estimate for the approximate Dirichlet–Neumann map,

||λ− λ̃||H−1/2(Γ ) ≤ c · inf
vh∈X̃h

||u0 − vh||H1(Ω). (3.76)

3.4 Approximation by Boundary Element Methods

In this section we describe and analyze a stable boundary element approx-
imation of the Steklov–Poincaré operator S based on the symmetric repre-
sentation (3.40). For a given g ∈ H1/2(Γ ) the application Sg of the Steklov–
Poincaré operator given by (3.40) reads for x ∈ Γ ,

Sg(x) = Dg(x) + (
1
2
I +K ′)V −1(

1
2
I +K)g(x)

= Dg(x) + (
1
2
I +K ′)w(x)

where w ∈ H−1/2(Γ ) is the unique solution of

〈V w, τ〉L2(Γ ) = 〈(1
2
I +K)g, τ〉L2(Γ ) for all τ ∈ H−1/2(Γ ). (3.77)

Note that, by using (3.39),

w = V −1(
1
2
I +K)g = Sg .

To define an approximation S̃g, let

Zh := span{ψ�}N
�=1 ⊂ H−1/2(Γ ) (3.78)



3.4 Approximation by Boundary Element Methods 67

be a finite–dimensional trial space. The Galerkin formulation of (3.77) is: find
wh ∈ Zh such that

〈V wh, τh〉L2(Γ ) = 〈(1
2
I +K)g, τh〉L2(Γ ) for all τh ∈ Zh. (3.79)

Thus,

S̃g(x) := Dg(x) + (
1
2
I +K ′)wh(x) (3.80)

defines an approximation S̃g of the Steklov–Poincaré operator Sg.

Theorem 3.7. The approximate Steklov–Poincaré operator S̃ defined by (3.80)
is bounded,

||S̃g||H−1/2(Γ ) ≤ cS̃2 · ||g||H1/2(Γ ) for all g ∈ H1/2(Γ ) (3.81)

and satisfies the quasi–optimal error estimate

||(S − S̃)g||H−1/2(Γ ) ≤ c · inf
τh∈Zh

||Sg − τh||H−1/2(Γ ). (3.82)

Moreover, S̃ is elliptic on H
1/2
0 (Γ, ΓD),

〈S̃g, g〉L2(Γ ) ≥ cS1 · ||g||2H1/2(Γ ) for all g ∈ H
1/2
0 (Γ, ΓD). (3.83)

Proof. Choosing in (3.79) τh = wh ∈ Zh we get

cV1 · ||wh||2H1/2(Γ ) ≤ 〈V wh, wh〉L2(Γ )

= 〈(1
2
I +K)g, wh〉L2(Γ ) ≤ c · ||g||H1/2(Γ )||wh||H−1/2(Γ )

and therefore
||wh||H−1/2(Γ ) ≤ c · ||g||H1/2(Γ ).

Hence,

||S̃g||H−1/2(Γ ) = ||Dg + (
1
2
I +K ′)wh||H−1/2(Γ )

≤ c ·
{
||g||H1/2(Γ ) + ||wh||H−1/2(Γ )

}
≤ c̃ · ||g||H1/2(Γ ) .

Applying standard arguments, in particular Cea’s lemma, we get for the
Galerkin solution wh ∈ Zh of (3.79) the quasi–optimal error estimate

||w − wh||H−1/2(Γ ) ≤ c · inf
τh∈Zh

||w − τh||H−1/2(Γ ).

Then,
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||(S − S̃)g||H−1/2(Γ ) = ||(1
2
I +K ′)(w − wh)||H−1/2(Γ )

≤ c · ||w − wh||H−1/2(Γ ) ≤ c̃ · inf
τh∈Zh

||w − τh||H−1/2(Γ ).

Using w = Sg, (3.82) follows. Now let g ∈ H
1/2
0 (Γ, ΓD). Using the definition

(3.80) of S̃g, the Galerkin formulation (3.79) and the ellipticity (3.35) of the
single layer potential we get

〈S̃g, g〉L2(Γ ) = 〈〈Dg, g〉L2(Γ ) + 〈(1
2
I +K ′)wh, g〉L2(Γ )

= 〈〈Dg, g〉L2(Γ ) + 〈(wh, (
1
2
I +K)g〉L2(Γ )

= 〈Dg, g〉L2(Γ ) + 〈V wh, wh〉L2(Γ ) ≥ 〈Dg, g〉L2(Γ )

and (3.66) follows from (3.36). 
�
Note that the result of the previous theorem corresponds to the statement

of Theorem 3.5 in the case of a finite element approximation. In both cases
no further conditions on the definition of the trial spaces X̃h and Zh have to
be required, only some approximation properties have to be assumed.

Instead of the symmetric approximation (3.80) of the Steklov–Poincaré
operator we may use any other stable approximation, which is based on an
equivalent boundary integral representation of the Steklov–Poincaré operator
[63]. In particular, one can use a hybrid discretization [64] of

S = V −1(
1
2
I +K)V V −1 = V −1FV −1

leading to a symmetric stiffness matrix or one can use a mixed discretization
[65] of

S = V −1(
1
2
I +K),

which leads to a nonsymmetric stiffness matrix even for a self–adjoint operator
S. Note that in both cases appropriate discrete inf–sup conditions as described
in Chapter 2 are needed to ensure stability.

Let us finally consider a boundary element approximation of the Newton
potential (3.55). This is equivalent to find λ ∈ H−1/2(Γ ) such that

〈V λ, µ〉L2(Γ ) = −〈N0f, µ〉L2(Γ ) for all µ ∈ H−1/2(Γ ). (3.84)

Hence, to define an approximate Newton potential Ñf we may consider the
Galerkin variational problem: find λh ∈ Zh such that

〈V λh, µh〉L2(Γ ) = −〈N0f, µh〉L2(Γ ) for all µh ∈ Zh. (3.85)

Now we can define
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Ñf(x) := λh(x) ∈ Zh ⊂ H−1/2(Γ ). (3.86)

Applying standard arguments we get the stability estimate

||Ñf ||H−1/2(Γ ) ≤ c · ||f ||H−1(Ω) (3.87)

as well as the quasi–optimal error estimate

||(N − Ñ)f ||H−1/2(Γ ) ≤ c · inf
µh∈Zh

||λ− µh||H−1/2(Γ ) (3.88)

where λ ∈ H−1/2(Γ ) is the unique solution of (3.84).

When solving the Galerkin problem (3.85) to compute the approximate
Newton potential Ñf = λh, we need to evaluate the right hand side for
µh = ψ� and 	 = 1, . . . , N ,

f� := −
∫
Γ

ψ�(x)
∫
Ω

U∗(x, y)f(y)dydsx.

Hence we need to have some triangulation ofΩ as well. To avoid this drawback,
one can approximate the volume integral as follows: Let us consider the partial
differential equation (with constant coefficients)

Lu(x) = f(x) for x ∈ Ω (3.89)

whose solution is given by the representation formula for x ∈ Ω,

u(x) =
∫
Γ

U∗(x, y)γ1u(y)dsy−
∫
Γ

γ1(y)U∗(x, y)γ0u(y)dsy+
∫
Ω

U∗(x, y)f(y)dy.

Applying the trace operator γ0 gives

N0f(x) = (
1
2
I +K)γ0u− V γ1u(x) for x ∈ Γ. (3.90)

Note that (3.90) holds for any pair [γ0u, γ1u] of Cauchy–data where u is a
solution of the partial differential equation (3.89). Hence, to compute (3.90) it
is sufficient to have at least one particular solution up of the partial differential
equation (3.89) to be inserted in (3.90). Instead of (3.89) we now consider the
extended boundary value problem

Lũ(x) = f̃(x) for x ∈ Ω0, ũ(x) = 0 for x ∈ ∂Ω0, (3.91)

where Ω0 ⊃ Ω is some fictitious domain. Here, f̃ ∈ L2(Ω0) is some exten-
sion of the given data f ∈ L2(Ω), for example by zero. The unique solution
ũ ∈ H1

0 (Ω0) of (3.91) is a particular solution ũ|Ω ∈ H1(Ω) of the partial
differential equation (3.89). Using a finite element method to solve (3.91) nu-
merically we can define a suitable approximation of the Newton potential
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(3.90), in particular when inserting the finite element solution ũh. Hence we
need to compute the traces of ũh on Γ = ∂Ω efficiently. Using a hierarchical
triangulation of the fictitious domain Ω0 we can solve the related finite ele-
ment system using multilevel preconditioners as well as we can find pointwise
values of the approximate solution efficiently. To approximate ∇ũh one can
use an L2 projection onto a continuous finite element space. For a complete
description of this algorithm we refer to [48, 62].



4

Mixed Discretization Schemes

In this chapter we will consider hybrid formulations for the mixed boundary
value problem (3.1) which are based on the Dirichlet–Neumann map (3.16).
The mixed boundary value problem (3.1) is obviously equivalent to the cou-
pled problem to find (u, λ) ∈ H1/2(Γ ) ×H−1/2(Γ ):

λ(x) = Su(x) −Nf(x) for x ∈ Γ,

u(x) = gD(x) for x ∈ ΓD,

λ(x) = gN (x) for x ∈ ΓN .

(4.1)

The standard variational formulation of (4.1) is: find u ∈ H1/2(Γ ), u(x) =
gD(x) for x ∈ ΓD such that∫

Γ

Su(x)v(x)dsx =
∫
Ω

Nf(x)v(x)dsx +
∫

ΓN

gN (x)v(x)dsx (4.2)

for all v ∈ H
1/2
0 (Γ, ΓD). Since the Steklov–Poincaré operator S is elliptic on

H
1/2
0 (Γ, ΓD), there exists a unique solution u ∈ H1/2(Γ ) of (4.2). For prac-

tical computations, however, we have to replace both the Steklov–Poincaré
operator S and the Newton potential Nf in (4.1) by some approximations S̃
and Ñf as introduced in the previous chapter. We assume in general, that
these approximations are bounded and satisfy some approximation properties.
Moreover, the approximate Steklov–Poincaré operators S̃ are assumed to be
elliptic on suitable subspaces. Hence, instead of (4.1) we have to consider a
coupled problem to find (ũ, λ̃) ∈ H1/2(Γ ) ×H−1/2(Γ ):

λ̃(x) = S̃ũ(x) − Ñf(x) for x ∈ Γ,

ũ(x) = gD(x) for x ∈ ΓD,

λ̃(x) = gN (x) for x ∈ ΓN .

(4.3)

O. Steinbach: LNM 1809, pp. 71–83, 2003.
c© Springer-Verlag Berlin Heidelberg 2003



72 4 Mixed Discretization Schemes

To derive hybrid discretization schemes for (4.3) one may consider either a
strong or a weak formulation of the Dirichlet boundary conditions in (4.3).
Note that the latter will lead to a formulation with Lagrange multipliers.

4.1 Variational Methods with Approximate
Steklov–Poincaré Operators

We start with considering the standard variational formulation for (4.3) by
including the Dirichlet boundary conditions in strong form and the Neumann
boundary conditions in a weak one. So we have to find ũ ∈ H1/2(Γ ) with
ũ(x) = gD(x) for x ∈ ΓD such that∫

Γ

S̃ũ(x)v(x)dsx =
∫
Γ

Ñf(x)v(x)dsx +
∫

ΓN

gN (x)v(x)dsx (4.4)

for all v ∈ H1/2(Γ ) with v(x) = 0 for x ∈ ΓD.

Theorem 4.1. Let S̃ : H1/2(Γ ) → H−1/2(Γ ) be bounded and elliptic on
H

1/2
0 (Γ, ΓD). Then there exists a unique solution ũ ∈ H1/2(Γ ) of (4.4) satis-

fying the error estimate

||u− ũ||H1/2(Γ ) ≤ 1
cS1

·
[
||(S − S̃)u||H−1/2(Γ ) + ||(N − Ñ)f ||H−1/2(Γ )

]
(4.5)

where u ∈ H1/2(Γ ) is the unique solution of (4.2).

Proof. Since the approximate Steklov–Poincaré operator S̃ is assumed to be
bounded and elliptic, the unique solvability of (4.4) follows by applying the
Lax–Milgram theorem. So it remains to prove (4.5). Subtracting (4.4) from
(4.2) we get the variational equality

〈Su− S̃ũ, v〉L2(Γ ) = 〈Nf − Ñf, v〉L2(Γ ) for all v ∈ H
1/2
0 (Γ, ΓD) .

Note that u− ũ ∈ H
1/2
0 (Γ, ΓD). Hence we have

cS1 · ||u− ũ||2H1/2(Γ ) ≤ 〈S̃(u− ũ), u− ũ〉L2(Γ )

= 〈(S̃ − S)u, u− ũ〉L2(Γ ) + 〈(N − Ñ)f, u− ũ〉L2(Γ )

≤
[
||(S − S̃)u||H−1/2(Γ ) + ||(N − Ñ)f ||H−1/2(Γ )

]
||u− ũ||H1/2(Γ )

and the assertion follows. 
�
Therefore, in the case of a finite element approximation we get as resulting

error estimate by combining (3.65) and (3.73),
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||u− ũ||H1/2(Γ ) ≤ c · inf
vh∈X̃h

||u− vh||H1(Ω). (4.6)

When using a boundary element approximation for the Steklov–Poincaré op-
erator and the Newton potential, with (3.82) and (3.88) we get

||u− ũ||H1/2(Γ ) ≤ c · inf
µh∈Zh

||λ− µh||H−1/2(Γ ). (4.7)

Now we consider a Galerkin approach to solve the perturbed variational
problem (4.4). Let g̃D ∈ H1/2(Γ ) be an arbitrary but fixed extension of the
given Dirichlet data with g̃D(x) = gD(x) for x ∈ ΓD. Then we have to find
ũ0 ∈ H

1/2
0 (Γ, ΓD) such that

〈S̃ũ0, v〉L2(Γ ) = 〈Ñf + gN − S̃g̃D, v〉L2(Γ ) for all v ∈ H
1/2
0 (Γ, ΓD). (4.8)

Let
Xh := span{ϕk}M

k=1 ⊂ H
1/2
0 (Γ, ΓD)

be a finite–dimensional trial space, then the Galerkin variational problem of
(4.8) is: find ũ0,h ∈ Xh such that

〈S̃ũ0,h, wh〉L2(Γ ) = 〈Ñf + gN − S̃g̃D, wh〉L2(Γ ) for all wh ∈ Xh. (4.9)

Then, the Galerkin approximation of ũ is defined by ũh := ũ0,h + g̃D.

Theorem 4.2. There exists a unique solution ũ0,h ∈ Xh of (4.9) satisfying
the quasi–optimal error estimate

||u−ũh||H1/2(Γ ) ≤ c1· inf
vh∈Xh

||(u−g̃D)−vh||H1/2(Γ )+c2·||u−ũ||H1/2(Γ ). (4.10)

where u ∈ H1/2(Γ ) is the unique solution of (4.2).

Proof. Since the approximate Steklov–Poincaré operator S̃ is elliptic on
H

1/2
0 (Γ, ΓD), the unique solvability of (4.9) follows by applying standard ar-

guments. Moreover, there holds the error estimate

||ũ0 − ũ0,h||H1/2(Γ ) ≤ c · inf
wh∈Xh

||ũ0 − wh||H1/2(Γ ) .

Note that

||ũ0 − wh||H1/2(Γ ) = ||ũ0 + g̃D − u+ (u− g̃D) − wh||H1/2(Γ )

≤ ||u− ũ||H1/2(Γ ) + ||(u− g̃D) − wh||H1/2(Γ )

and therefore

||ũ0 − ũ0,h||H1/2(Γ ) ≤ c ·
{

||u− ũ||H1/2(Γ ) + inf
wh∈Xh

||(u− g̃D) − wh||H1/2(Γ )

}
.
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Now,

||u− ũh||H1/2(Γ ) ≤ ||u− ũ||H1/2(Γ ) + ||ũ− ũh||H1/2(Γ )

= ||u− ũ||H1/2(Γ ) + ||ũ0 − ũ0,h||H1/2(Γ )

≤ (1 + c) · ||u− ũ||H1/2(Γ ) + c · inf
vh∈Xh

||(u− g̃D) − vh||H1/2(Γ ). 
�

The Galerkin equations (4.9) are equivalent to a system of linear equations,

S̃hũ0 = f, (4.11)

where the stiffness matrix is given by

S̃h[	, k] = 〈S̃ϕk, ϕ�〉L2(Γ ) (4.12)

for k, 	 = 1, . . . ,M . Note that the Galerkin matrix of the Steklov–Poincaré
operator S is given by

Sh[	, k] = 〈Sϕk, ϕ�〉L2(Γ ) for k, 	 = 1, . . . ,M

where the Steklov–Poincaré operator S is given either by (3.24) or by (3.40).
First we will describe the matrix representation of S̃h when using the approx-
imate Steklov–Poincaré operator S̃ as defined by the finite element approxi-
mation (3.63):

Using the approximate Dirichlet–Neumann map (3.74) to replace in (4.9)
the approximations S̃ and Ñf , the Galerkin problem (4.9) reads: find ũ0,h ∈
Xh such that

a(E ũ0,h +E g̃D +u0,h, Ewh) =
∫
Ω

f(x)Ewh(x)dsx +
∫

ΓN

gN (x)wh(x)dsx (4.13)

for all wh ∈ Xh where u0,h ∈ X̃h solves

a(u0,h + E ũ0,h + E g̃D, vh) =
∫
Ω

f(x)vh(x)dx (4.14)

for all vh ∈ X̃h. For k, 	 = 1, . . . ,M and i, j = 1, . . . , M̃ we define

Ah,Ω,Ω [j, i] = a(φi, φj),

Ah,Γ,Γ [	, k] = a(Eϕk, Eϕ�),

Ah,Γ,Ω [j, k] = a(Eϕk, φj)

as well as
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fΩ,j :=
∫
Ω

f(x)φj(x)dx− a(E g̃D, φj),

fΓ,� :=
∫
Ω

f(x)Eϕ�(x)dx+
∫

ΓN

gN (x)ϕ�(x)dsx − a(E g̃D, Eϕ�).

Then, the Galerkin equations (4.13) and (4.14) are equivalent to the linear
system (

Ah,Ω,Ω Ah,Γ,Ω

A�
h,Γ,Ω Ah,Γ,Γ

)(
u0

ũ0

)
=

(
f

Ω

f
Γ

)
. (4.15)

Since the matrix Ah,Ω,Ω is invertible we can eliminate u0 to get the Schur
complement system[

Ah,Γ,Γ −A�
h,Γ,ΩA

−1
h,Ω,ΩAh,Γ,Ω

]
ũ0 = f

Γ
−A�

h,Γ,ΩA
−1
h,Ω,ΩfΩ

. (4.16)

Note that (4.16) corresponds to (4.11), in particular,

S̃FEM
h := Ah,Γ,Γ −A�

h,Γ,ΩA
−1
h,Ω,ΩAh,Γ,Ω (4.17)

is the discrete Steklov–Poincaré operator based on finite elements.

Lemma 4.3. Let Xh ⊂ H
1/2
0 (Γ, ΓD). Then,

(Shu, u) ≤ (S̃FEM
h u, u) ≤ cA2 c

2
IT

cS1
· (Shu, u) for all u ∈ R

M ↔ uh ∈ Xh.

Proof. For u ∈ R
M ↔ uh ∈ Xh ⊂ H

1/2
0 (Γ, ΓD) we have

(S̃FEM
h u, u) = a(Euh + u0,h, Euh)

where u0,h ∈ X̃h ⊂ H1
0 (Ω) solves

a(u0,h + Euh, vh) = 0 for all vh ∈ X̃h.

In a similar way we get

(Shu, u) = a(Euh + u0, Euh)

where u0 ∈ H1
0 (Ω) solves

a(u0 + Euh, v) = 0 for all v ∈ H1
0 (Ω).

Hence,
a(u0,h, vh) = a(u0, vh) for all vh ∈ X̃h

from which
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a(u0,h, u0,h) ≤ a(u0, u0)

follows. Then,

(S̃FEM
h u, u) = a(Euh + u0,h, Euh) = a(Euh, Euh) − a(u0,h, u0,h)

≥ a(Euh, Euh) − a(u0, u0) = a(Euh + u0, Euh) = (Shu, u).

The upper estimate follows by using the positive definitness of Ah,Ω,Ω , the
boundedness of the bilinear form a(·, ·) and of the extension operator E and
the ellipticity of S:

(S̃FEM
h u, u) = (Ah,Γ,Γu, u) − (A−1

h,Ω,ΩAh,Γ,Ωu,Ah,Γ,Ωu) ≤ (Ah,Γ,Γu, u)

= a(Euh, Euh) ≤ cA2 · ||Euh||2H1(Ω) ≤ cA2 c
2
IT · ||u||2H1/2(Γ )

= cA2 c
2
IT /c

S
1 · 〈Suh, uh〉L2(Γ ) = cA2 c

2
IT /c

S
1 · (Shu, u). 
�

Note that the spectral equivalence inequalities for S̃FEM
h and Sh hold for

an arbitrary choice of the finite element space X̃h ⊂ H1
0 (Ω) but depend on

the extension operator E : H1/2(Γ ) → H1(Ω).
It remains to describe the (discrete) extension operator E needed in the

computations above. Let X̃∗
h ⊂ H1(Ω) be a finite element space satisfying the

following matching condition: For each wh ∈ Xh there exists a w̃∗
h ∈ X̃∗

h such
that

w̃∗
h(x) = wh(x) for x ∈ Γ (4.18)

and which satisfies the variational problem

a(w̃∗
h, v

∗
h) = 0 for all v∗

h ∈ X̃∗
h ∩H1

0 (Ω).

In fact, Ewh := w̃∗
h ∈ X̃∗

h is the discrete harmonic extension of the boundary
data wh ∈ Xh satisfying

||Ewh||H1(Ω) ≤ cIT · ||wh||H1/2(Γ ).

Discrete harmonic extension operators are also used in the construction of
preconditioners in domain decomposition methods, see for example [42]. Note
that X̃∗

h is an extension of the trial space Xh from the boundary Γ to the
domain Ω, see Figure 4.1. Especially, when the underlying mesh of the trial
space X̃h matches the mesh of the trial space Xh on the boundary Γ , one can
use X̃∗

h = X̃h. This corresponds to an interpolation of a coarse grid function
on the boundary by a fine grid function in the domain Ω, see Figure 4.2.
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Figure 4.1: Figure 4.2:
Extension of a coarse Interpolation of a coarse grid function

grid function on the fine grid

To describe the stiffness matrix S̃h in the case of the approximate Steklov–
Poincaré operator (3.80) when using a boundary element method we have

S̃h[	, k] = 〈S̃ϕk, ϕ�〉L2(Γ ) = 〈Dϕk, ϕ�〉L2(Γ )+〈(1
2
I+K ′)wk

h, ϕ�〉L2(Γ ) (4.19)

for k, 	 = 1, . . . ,M where wk
h ∈ Zh is the unique solution of (3.79) with g = ϕk.

Now we define for k, 	 = 1, . . . ,M and i, j = 1, . . . , N ,

Dh[	, k] = 〈Dϕk, ϕ�〉L2(Γ ), Kh[j, k] = 〈Kϕk, ψ�〉L2(Γ ),

Vh[j, i] = 〈V ψi, ψj〉L2(Γ ), Mh[j, k] = 〈ϕk, ψj〉L2(Γ ).

Then the Galerkin matrix S̃h of the approximate Steklov–Poincaré operator
S̃ defined by (3.80) is given by

S̃BEM
h = Dh + (

1
2
M�

h +K�
h )V −1

h (
1
2
Mh +Kh) . (4.20)

Note that the stiffness matrix S̃h is symmetric and, due to (3.66), positive
definite whenever Xh ⊂ H

1/2
0 (Γ, ΓD) is satisfied. In particular we have the

following spectral equivalence inequalities, see [27, 45], which hold for an ar-
bitrary choice of Zh ⊂ H−1/2(Γ ):

Lemma 4.4. Let Xh ⊂ H1/2(Γ, ΓD). Then,

cD1
cS2

· (Shu, u) ≤ (S̃BEM
h u, u) ≤ (Shu, u) for all u ∈ R

M ↔ uh ∈ Xh.
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4.2 Lagrange Multiplier Methods

In this section we consider a strong formulation of the Neumann boundary
condition in (4.3) while the Dirichlet boundary conditions are formulated in a
weak sense. Then we have to find ũ ∈ H1/2(Γ ) and λ̃ ∈ H̃−1/2(ΓD) such that∫

Γ

S̃ũ(x)v(x)dsx −
∫

ΓD

λ̃(x)v(x)dsx =
∫

ΓN

gN (x)v(x)dsx +
∫
Γ

Ñf(x)v(x)dsx

∫
ΓD

ũ(x)µ(x)dsx =
∫

ΓD

gD(x)µ(x)dsx

(4.21)
for all v ∈ H1/2(Γ ) and µ ∈ H̃−1/2(ΓD). Defining the function spaces

X := H1/2(Γ ), Π := H̃−1/2(ΓD)

and the bounded bilinear forms

a(u, v) :=
∫
Γ

S̃u(x)v(x)dsx : X ×X → R

b(u, µ) :=
∫

ΓD

u(x)µ(x)dsx : X ×Π → R

the saddle point problem (4.21) corresponds to the abstract saddle point prob-
lem (1.13). Note that the linear forms are given by

〈f, v〉 :=
∫

ΓN

gN (x)v(x)dsx +
∫
Γ

Ñf(x)v(x)dsx : X → R

〈g, µ〉 :=
∫

ΓD

gD(x)µ(x)dsx : Π → R.

It is easy to check that

V := kerB = H
1/2
0 (Γ, ΓD) . (4.22)

The bilinear form a(·, ·) is therefore elliptic on V = kerB,

a(v, v) =
∫
Γ

S̃v(x)v(x)dsx ≥ cS1 · ||v||2H1/2(Γ ) for all v ∈ V = kerB . (4.23)

Hence, to apply Theorem 1.2 it remains to check the inf–sup condition
(1.18) for the bilinear form b(·, ·) as defined above.
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Lemma 4.5. The bilinear form

b(v, µ) =
∫

ΓD

v(x)µ(x)dsx : H1/2(Γ ) × H̃−1/2(ΓD)

satisfies the inf–sup condition (1.18) with γS = 1.

Proof. For an arbitrary but fixed µ ∈ H̃−1/2(ΓD) we define u∗ ∈ H1/2(Γ )
satisfying

〈u∗, v〉H1/2(Γ ) = 〈µ, v|ΓD
〉L2(ΓD) for all v ∈ H1/2(Γ ).

Choosing v = u∗ ∈ H1/2(Γ ) we get

||u∗||2H1/2(Γ ) = 〈µ, u∗
|ΓD

〉L2(ΓD) ≤ ||µ||H̃−1/2(ΓD)||u
∗
|ΓD

||H1/2(ΓD).

Since

||u∗
|ΓD

||H1/2(ΓD) = inf
U∈H1/2(Γ ),U|ΓD

=u∗
||U ||H1/2(Γ ) ≤ ||u∗||H1/2(Γ ),

we conclude
||u∗||H1/2(Γ ) ≤ ||µ||H̃−1/2(ΓD)

On the other hand we have by definition,

||µ||H̃−1/2(ΓD) = sup
0 �=v∈H1/2(ΓD)

〈µ, v〉L2(ΓD)

||v||H1/2(ΓD)

= sup
0 �=v∈H1/2(ΓD)

〈µ, v〉L2(ΓD)

inf
V ∈H1/2(Γ ),V|ΓD

=v
||V ||H1/2(Γ )

= sup
0 �=v∈H1/2(ΓD)

sup
V ∈H1/2(Γ ),V|ΓD

=v

〈µ, V|ΓD
〉L2(ΓD)

||V ||H1/2(Γ )

= sup
0 �=v∈H1/2(ΓD)

sup
V ∈H1/2(Γ ),V|ΓD

=v

〈u∗, V 〉H1/2(Γ )

||V ||H1/2(Γ )
≤ ||u∗||H1/2(Γ ).

Therefore we have
||u∗||H1/2(Γ ) = ||µ||H̃−1/2(ΓD).

Now,

b(u∗, µ) = 〈u∗
|ΓD

, µ〉L2(ΓD) = ||u∗||2H1/2(Γ ) = ||u∗||H1/2(Γ )||µ||H̃−1/2(ΓD)

implying the inf–sup condition (1.18). 
�
Applying Theorem 1.2 there exists a unique solution (ũ, λ̃) ∈ H1/2(Γ ) ×

H̃−1/2(ΓD) of (4.21).
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Theorem 4.6. Let (u, λ) ∈ H1/2(Γ ) × H̃−1/2(ΓD) be the exact Cauchy data
of (3.1). Then there holds the error estimate for the solution (ũ, λ̃) of (4.21):

||u− ũ||H1/2(Γ ) + ||λ− λ̃||H̃−1/2(ΓD)

≤ c ·
{

||(S − S̃)u||H1/2(Γ ) + ||(N − Ñ)f ||H−1/2(Γ )

}
.

(4.24)

Proof. First we note that (u, λ) ∈ H1/2(Γ )×H̃−1/2(ΓD) is the unique solution
of the saddle point problem

〈Su, v〉L2(Γ ) − 〈v, λ〉L2(ΓD) = 〈v, gN 〉L2(ΓN ) + 〈Nf, v〉L2(Γ )

〈u, µ〉L2(ΓD) = 〈gD, µ〉L2(ΓD)

for all (v, µ) ∈ H1/2(Γ )×H̃−1/2(ΓD). Subtracting (4.21) from these equations
we get the orthogonality relations

〈Su− S̃ũ, v〉L2(Γ ) − 〈v, λ− λ̃〉L2(Γ ) = 〈Nf − Ñf, v〉L2(Γ )

〈u− ũ, µ〉L2(ΓD) = 0

for all (v, µ) ∈ H1/2(Γ )×H̃−1/2(ΓD). Defining uE := u−ũ and λE := λ−λ̃ we
get that (uE , λE) ∈ H1/2(Γ ) × H̃−1/2(ΓD) satisfies the saddle point problem

〈S̃uE , v〉L2(Γ ) − 〈v, λE〉L2(Γ ) = 〈(S̃ − S)u, v〉L2(Γ ) + 〈Nf − Ñf, v〉L2(Γ )

〈uE , µ〉L2(ΓD) = 0

for all (v, µ) ∈ H1/2(Γ ) × H̃−1/2(ΓD). Applying Theorem 1.2 this gives

||uE ||H1/2(Γ ) + ||λE ||H̃−1/2(ΓD)

≤ c ·
{

||(S − S̃)u||H−1/2(Γ ) + ||(N − Ñ)f ||H−1/2(Γ )

}
. 
�

Let

Xh = span{ϕk}M
k=1 ⊂ X = H1/2(Γ ),

Πh = span{χ�}N
�=1 ⊂ Π = H̃−1/2(ΓD)

denote a pair of conforming trial spaces satisfying the discrete inf–sup condi-
tion,

inf
0 �=µh∈Πh

sup
0 �=vh∈Xh

b(vh, µh)
||vh||X ||µh||Π

≥ γ̃S > 0 . (4.25)

To ensure the inf–sup condition 4.25 by Theorem 1.4 we need to have a
bounded projection operator Ph : X → Xh satisfying
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〈Phu, µh〉L2(Γ ) = 〈u, µh〉L2(Γ ) for all µh ∈ Πh. (4.26)

Since Πh ⊂ H̃−1/2(ΓD) we assume assume that Πh ⊂ Π̃h where

Π̃h = span{χ�}Ñ
�=1 ⊂ H−1/2(Γ )

is a trial space defined on Γ . Then we can chose Ph := Q̃h : X → Xh defined
by

〈Q̃hu, µh〉L2(Γ ) = 〈u, µh〉L2(Γ ) for all µh ∈ Π̃h. (4.27)

Note that we also need to have the stability estimate

||Q̃hv||H1/2(Γ ) ≤ ||v||H1/2(Γ ) for all v ∈ H1/2(Γ ) (4.28)

to apply Theorem 1.4. Hence we have to define the trial spaces Xh and Πh as
discussed in Chapter 2.

The Galerkin variational problem of (4.21) is: find (ũh, λ̃h) ∈ Xh × Πh

such that

〈S̃ũh, vh〉L2(Γ ) − 〈vh, λ̃h〉L2(ΓD) = 〈vh, gN 〉L2(ΓN ) + 〈Ñf, vh〉L2(Γ )

〈ũh, µh〉L2(ΓD) = 〈gD, µh〉L2(ΓD)

(4.29)

for all (vh, µh) ∈ Xh ×Πh.
Applying Theorem 1.3 there exists a unique solution (ũh, λ̃h) ∈ Xh ×Πh

of (4.29) satisfying the following error estimate:

Theorem 4.7. Let (u, λ) ∈ H1/2(Γ ) × H̃−1/2(ΓD) be the exact Cauchy data
of (3.1) Then there hold the error estimates for the solution (ũh, λ̃h) of (4.29),

||u− ũh||H1/2(Γ ) ≤ c ·
{

inf
vh∈Xh

||u− vh||H1/2(Γ )

+ ||(S − S̃)u||H−1/2(Γ ) + ||(N − Ñ)f ||H−1/2(Γ )

} (4.30)

and

||λ− λ̃h||H̃−1/2(ΓD) (4.31)

≤ c1 ·
{

inf
vh∈Xh

||u− vh||H1/2(Γ ) + inf
µh∈Πh

||λ− µh||H̃−1/2(ΓD)

}
+ c2 ·

{
||(S − S̃)u||H−1/2(Γ ) + ||(N − Ñ)f ||H−1/2(Γ )

}
.

Proof. Applying Theorem 1.3 we get

||ũ− ũh||H1/2(Γ ) ≤ c1 · inf
vh∈Xh

||ũ− vh||H1/2(Γ ),

||λ̃− λ̃h||H̃−1/2(ΓD) ≤ c2 ·
{

inf
vh∈Xh

||ũ− vh||H1/2(Γ )

+ inf
µh∈Πh

||λ̃− µh||H̃−1/2(ΓD)

}
.
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Using

inf
vh∈Xh

||ũ− vh||H1/2(Γ ) ≤ ||u− ũ||H1/2(Γ ) + inf
vh∈Xh

||u− vh||H1/2(Γ ),

inf
µh∈Πh

||λ̃− µh||H̃−1/2(ΓD) ≤ ||λ− λ̃||H̃−1/2(ΓD) + inf
µh∈Πh

||λ− µh||H̃−1/2(ΓD)

and (4.24) the error estimates follow by applying some triangle inequalities.

�

To this end we will reconsider the saddle point problem (4.21). Using the
approximate Dirichlet–Neumann map (3.56) which is defined via the finite ele-
ment approximation (3.74)–(3.75), we get from (4.21) the variational problem:
find ũ ∈ H1/2(Γ ), λ ∈ H̃−1/2(ΓD), u0 ∈ H1

0 (Ω,Γ ) such that

a(u0 + E ũ, Ew) − b(w, λ) = 〈w, gN 〉L2(ΓN ) + 〈f, Ew〉L2(Ω)

a(u0 + E ũ, v) = 〈f, v〉L2(Ω)

b(ũ, µ) = 〈gD, µ〉L2(Γ )

(4.32)

for all w ∈ H1/2(Γ ), µ ∈ H̃−1/2(ΓD) and v ∈ H1
0 (Ω). Since û := u0 + E ũ ∈

H1(Ω), this is equivalent to find û ∈ H1(Ω) and λ ∈ H̃−1/2(ΓD) such that

a(û, v) − b(v, λ) = 〈f, v〉L2(Ω) + 〈gN , v〉L2(ΓN )

b(û, µ) = 〈gD, µ〉L2(ΓD)
(4.33)

for all v ∈ H1(Ω) and µ ∈ H̃−1/2(ΓD). Note that (4.33) is nothing else than
the standard variational formulation with Lagrange parameter as introduced
in [4, 15]. Note that in the discrete case the saddle point problem (4.33) can
be obtained only when using trial spaces Xh and X̃h satisfying the matching
condition Xh = X̃h|Γ .

To describe the linear system which is equivalent to the Galerkin saddle
point problem (4.29) we can use the stiffness matrix S̃h as given in (4.17) and
(4.20). In addition, we define a matrix Bh by

Bh[k, 	] = 〈ϕk, χ�〉L2(ΓD) for k = 1, . . . ,M ; 	 = 1, . . . , N.

Then, (4.29) is equivalent to(
S̃h −B�

h

Bh 0

)(
ũ

λ̃

)
=

(
f

g

)
. (4.34)

Using the finite element approximation (4.17) the linear system (4.34) can be
written as coupled system,Ah,Ω,Ω Ah,Γ,Ω 0

A�
h,Γ,Ω Ah,Γ,Γ −B�

h

0 Bh 0


u0

ũ

λ̃

 =

 0
f

g

 . (4.35)
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Defining

Ah :=

(
Ah,Ω,Ω Ah,Γ,Ω

A�
h,Γ,Ω Ah,Γ,Γ

)
, B̃�

h :=

(
0
B�

h

)
, u :=

(
u0

ũ

)
, f̂ :=

(
0
f

)
,

(4.35) is the same as (
Ah −B̃�

h

B̃h 0

)(
u

λ̃

)
=

(
f̂

g

)
. (4.36)

Note that (4.36) is the discrete system of the standard saddle point formula-
tion (4.33).

Finally we consider the boundary element representation (4.20) for the
discrete approximate Steklov–Poincaré operator S̃h. Then, (4.34) is equivalent
to (

Dh + ( 1
2M

�
h +K�

h )V −1
h ( 1

2Mh +Kh) −B�
h

Bh 0

)(
ũ

λ̃

)
=

(
f

g

)
(4.37)

as well as to Vh − 1
2Mh −Kh 0

1
2M

�
h +K�

h Dh −B�
h

0 Bh 0


wũ
λ̃

 =

 0
f

g

 . (4.38)

Note that (4.38) can be seen as Galerkin discretization of a two–fold saddle
point problem with an additional term defined by the hypersingular integral
operator.



5

Hybrid Coupled Domain Decomposition
Methods

In this chapter we consider the mixed boundary value problem (3.1) when
the domain Ω is given by a domain decomposition into p non–overlapping
subdomains,

Ω =
p⋃

i=1

Ωi, Ωi ∩Ωj = ∅ for i �= j. (5.1)

We assume that the subdomain boundaries Γi := ∂Ωi are Lipschitz each. For
neighbored subdomains Ωi and Ωj sharing either a common edge (n = 2) or
a common face (n = 3) we define local coupling boundaries as

Γ ij := Γi ∩ Γj for i < j. (5.2)

The skeleton of the domain decomposition is given by

ΓS :=
p⋃

i=1

Γi = Γ ∪
⋃
i<j

Γ ij . (5.3)

Instead of the mixed boundary value problem (3.1) we now consider local
subproblems to find weak solutions ui ∈ H1(Ωi) satisfying

Li(x)ui(x) = f(x) for x ∈ Ωi,

γi
0ui(x) = gD(x) for x ∈ ΓD ∩ Γi,

γi
1ui(x) = gN (x) for x ∈ ΓN ∩ Γi.

(5.4)

In addition to the boundary conditions in (5.4), the local Cauchy data
(γi

0ui, γ
i
1ui) have to satisfy some transmission conditions on the local cou-

pling boundaries Γij ,

γi
0ui(x) = γj

0uj(x), γi
1ui(x) + γj

1uj(x) = 0 for x ∈ Γij . (5.5)

It is worth to mention that the local subproblems (5.4) are well defined and can
be solved locally, when the Dirichlet data γi

0ui are given on the skeleton ΓS .

O. Steinbach: LNM 1809, pp. 85–115, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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This observation motivates the following approach to determine u ∈ H1/2(ΓS)
satisfying the Dirichlet boundary conditions u(x) = gD(x) for x ∈ ΓD as well
as the transmission conditions (5.5). Here, H1/2(ΓS) is a space of functions
defined on the skeleton ΓS equipped with the norm

||v||H1/2(ΓS) :=

{
p∑

i=1

||v|Γi
||2H1/2(Γi)

}1/2

. (5.6)

Moreover,

H
1/2
0 (ΓS , ΓD) :=

{
v ∈ H1/2(ΓS) : v(x) = 0 for x ∈ ΓD

}
. (5.7)

For given u ∈ H1/2(ΓS) we can consider local Dirichlet problems

Li(x)ui(x) = f(x) for x ∈ Ωi, γi
0ui(x) = u(x) for x ∈ Γi (5.8)

and the Dirichlet transmission conditions in (5.5) are trivially satisfied. By
solving the local Dirichlet boundary value problems (5.8), in particular apply-
ing the Dirichlet–Neumann map (3.16) locally, the associated Neumann data
are given by

λi(x) := Siu|Γi
(x) −Nif(x) for x ∈ Γi (5.9)

which have to satisfy both the Neumann boundary conditions and the Neu-
mann transmission conditions,

λi(x) = gN (x) for x ∈ Γi ∩ ΓN , λi(x) + λj(x) = 0 for x ∈ Γij . (5.10)

To derive variational formulations of the local subproblems (5.4) coupled by
the transmission conditions (5.5) we consider the local Dirichlet–Neumann
maps (5.9) together with either a weak formulation of (5.10) or a varia-
tional formulation of (5.8) with Lagrange multipliers. However, for a prac-
tical realization we have to replace the local Steklov–Poincaré operators Si

and the Newton potentials Nif in (5.9) by suitable approximations S̃i and
Ñif as introduced in Chapter 3. Hence we consider a coupled problem to
find ũ ∈ H1/2(ΓS) with ũ(x) = gD(x) for x ∈ ΓD, ũi ∈ H1/2(Γi) and
λ̃i ∈ H−1/2(Γi) such that

λ̃i(x) = S̃iũi(x) − Ñif(x) for x ∈ Γi

ũi(x) = ũ|Γi
(x) for x ∈ Γi,

λ̃i(x) = gN (x) for x ∈ Γi ∩ ΓN ,

0 = λ̃i(x) + λ̃j(x) for x ∈ Γij .

(5.11)

The global boundary value problem (5.4) and (5.5) is therefore reduced to
coupled Steklov–Poincaré operator equations on the skeleton of the domain
decomposition. The approximate Steklov–Poincaré operators are defined lo-
cally using suitable trial spaces, i.e. finite or boundary elements. For a global
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discretization of the coupled problem (5.11), trial spaces for the Cauchy data
on the skeleton have to be introduced. It is obvious, that the local approx-
imations of the Steklov–Poincaré operators can be done independent of the
global trial space on the skeleton.

5.1 Dirichlet Domain Decomposition Methods

We first consider variational formulations for domain decomposition meth-
ods based on a strong coupling of the Dirichlet data, in particular, for
ũ ∈ H1/2(ΓS) we define

ũi(x) := ũ(x) for x ∈ Γi. (5.12)

Then, the Dirichlet transmission conditions in (5.11) are trivially satisfied. For
the Neumann boundary and Neumann transmission conditions we consider a
weak coupling, in particular we require∫

Γij

[λ̃i(x) + λ̃j(x)]vij(x)dsx = 0 for all vij ∈ H1/2(Γij)

and ∫
Γi∩ΓN

[λ̃i(x) − gN (x)]vN (x)dsx = 0 for all vN ∈ H1/2(ΓN ) .

Taking the sum over a local subdomain boundaries Γij and the Neumann
boundary ΓN gives

p∑
i=1

∫
Γi

λ̃i(x)v(x)dsx =
∫

ΓN

gN (x)v(x)dsx (5.13)

for all v ∈ H
1/2
0 (ΓS , ΓD). Using the local Dirichlet–Neumann maps in (5.11)

we get the variational problem: find ũ ∈ H1/2(ΓS) satisfying ũ(x) = gD(x)
for x ∈ ΓD such that

p∑
i=1

∫
Γi

S̃iũ|Γi
(x)v|Γi

(x)dsx =
p∑

i=1

∫
Γi

Ñif(x)v|Γi
(x)dsx +

∫
ΓN

gN (x)v|ΓN
(x)dsx

(5.14)
for all v ∈ H

1/2
0 (ΓS , ΓD).

Theorem 5.1. [45] The bilinear form

a(u, v) :=
p∑

i=1

∫
Γi

S̃iu|Γi
(x)v|Γi

(x)dsx (5.15)
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is bounded,

|a(u, v)| ≤ cS̃2 · ||u||H1/2(ΓS)||v||H1/2(ΓS) for all u, v ∈ H1/2(ΓS) (5.16)

and elliptic on H
1/2
0 (ΓS , ΓD),

a(v, v) ≥ cS̃1 · ||v||2H1/2(ΓS) for all v ∈ H
1/2
0 (ΓS , ΓD). (5.17)

The positive constants are given by cS̃1 := min
i=1,...,p

cS̃i
1 , cS̃2 := max

i=1,...,p
cS̃i
2 .

Proof. Since all local approximate Steklov–Poincaré operators are bounded,
see Theorem 3.5 for a finite element approximation and Theorem 3.7 when
using boundary elements, we get

|a(u, v)| ≤
p∑

i=1

|〈S̃iu|Γi
, v|Γi

〉L2(Γi)| ≤
p∑

i=1

cS̃i
2 ||u|Γi

||H1/2(Γi)||v|Γi
||H1/2(Γi)

≤ max
i=1,...,p

cS̃i
2 ·
(

p∑
i=1

||u|Γi
||2H1/2(Γi)

)1/2( p∑
i=1

||v|Γi
||2H1/2(Γi)

)1/2

= max
i=1,...,p

cS̃i
2 · ||u||H1/2(ΓS)||v||H1/2(ΓS) for all u, v ∈ H1/2(ΓS).

For u ∈ H
1/2
0 (ΓS , ΓD) we have u(x) = 0 for x ∈ ΓD. Since there is at least one

subdomain boundary Γi∗ with Γi∗ ∩ΓD �= ∅ we conclude u|Γi∗ ∈ H1/2(Γi∗)/Ri
.

We can repeat this argument recursively to get u|Γi
∈ H1/2(Γi)/Ri

for all
i = 1, . . . , p. Hence we have, using the symmetric representation (3.40),

〈S̃iu|Γi
, u|Γi

〉L2(Γi) ≥ 〈Diu|Γi
, u|Γi

〉L2(Γi) ≥ cS̃i
1 ||u|Γi

||2H1/2(Γi)

Summation over i = 1, . . . , p gives (5.17). 
�
Therefore we have unique solvability of (5.14) due to the Lax–Milgram

theorem.

Theorem 5.2. Let u ∈ H1/2(ΓS) be the unique solution of the coupled prob-
lem (5.9)–(5.10) and let ũ ∈ H1/2(ΓS) be the unique solution of (5.14), re-
spectively. Then,

||u−ũ||2H1/2(ΓS) ≤ 2

[cS̃1 ]2

p∑
i=1

[
||(Si − S̃i)u||2H−1/2(Γi) + ||(Ni − Ñi)f ||2H−1/2(Γi)

]
.

(5.18)

Proof. First we note that u ∈ H1/2(ΓS) with u(x) = gD(x) for x ∈ ΓD satisfies

p∑
i=1

∫
Γi

Siu|Γi
(x)v|Γi

(x)dsx =
p∑

i=1

∫
Γi

Nif(x)v|Γi
(x)dsx +

∫
ΓN

gN (x)v|ΓN
(x)dsx
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for all v ∈ H
1/2
0 (ΓS , ΓD). Subtracting this from (5.14) we get the variational

equality

p∑
i=1

〈Siu− S̃iũ, v〉L2(Γi) =
p∑

i=1

〈Nif − Ñif, v〉L2(Γi) for all v ∈ H
1/2
0 (ΓS , ΓD) .

Using (5.17) for v := u− ũ ∈ H
1/2
0 (ΓS , ΓD),

cS̃1 · ||u− ũ||2H1/2(ΓS) ≤
p∑

i=1

〈S̃i(u− ũ), u− ũ〉L2(Γi)

=
p∑

i=1

[
〈(S̃i − Si)u, u− ũ〉L2(Γi) + 〈(Ni − Ñi)f, u− ũ〉L2(Γi)

]

≤
p∑

i=1

[
||(Si − S̃i)u||H−1/2(Γi) + ||(Ni − Ñi)f ||H−1/2(Γi)

]
||u− ũ||H1/2(Γi)

≤
{

p∑
i=1

[
||(Si − S̃i)u||H−1/2(Γi) + ||(Ni − Ñi)f ||H−1/2(Γi)

]2}1/2

·||u− ũ||H1/2(ΓS). 
�

Let
Xh := span{ϕk}M

k=1 ⊂ H
1/2
0 (ΓS , ΓD) (5.19)

be a global finite element trial space on the skeleton ΓS . By restriction onto
Γi we also define local trial spaces

Xh,i := span{ϕi
k}Mi

k=1 . (5.20)

Obviously, for any ϕi
k ∈ Xh,i there exists a unique basis function ϕk ∈ Xh

with ϕi
k = ϕk|Γi

. By using the isomorphisms

vi ∈ R
Mi ↔ vh,i =

Mi∑
k=1

vi,kϕ
i
k ∈ Xh,i, v ∈ R

M ↔ vh =
M∑

k=1

vkϕk ∈ Xh,

there exist connectivity matrices Ai ∈ R
Mi×M such that

vi = Aiv . (5.21)

Let g̃D ∈ H1/2(ΓS) be an arbitrary but fixed extension of the given Dirichlet
data with g̃D(x) = gD(x) for x ∈ ΓD. Then we have to find ũ0 ∈ H

1/2
0 (ΓS , ΓD)

such that
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p∑
i=1

∫
Γi

S̃iũ0|Γi
(x)v|Γi

(x)dsx =

=
p∑

i=1

∫
Γi

[Ñif(x) − S̃ig̃D(x)]v|Γi
(x)dsx +

∫
ΓN

gN (x)v|ΓN
(x)dsx

(5.22)
for all v ∈ H

1/2
0 (ΓS , ΓD). The Galerkin variational formulation of (5.22) is:

find ũ0,h ∈ Xh such that

p∑
i=1

∫
Γi

S̃iũ0,h|Γi
(x)vh|Γi

(x)dsx =

=
p∑

i=1

∫
Γi

[Ñif(x) − S̃ig̃D(x)]vh|Γi
(x)dsx +

∫
ΓN

gN (x)vh|ΓN
(x)dsx

(5.23)
for all vh ∈ Xh.

Note that (5.23) is uniquely solvable due to Theorem 5.1. The Galerkin
approximation of ũ is then defined by ũh := ũ0,h + g̃D. As in Theorem 4.2 we
get the following error estimate.

Theorem 5.3. Let u ∈ H1/2(ΓS) be the unique solution of the coupled prob-
lem (5.9)–(5.10) and let ũ0,h ∈ Xh be its Galerkin approximation. Then there
holds the quasi–optimal error estimate

||u− ũh||2H1/2(ΓS) ≤ c1 · inf
vh∈Xh

||(u− g̃D) − vh||2H1/2(ΓS) (5.24)

+ c2 ·
p∑

i=1

||(Si − S̃i)u|Γi
||2H−1/2(Γi).

Based on the local trial spaces Xh,i we can define local Galerkin matri-
ces S̃h,i of the approximated Steklov–Poincaré operators S̃i as introduced in
(4.17) using a finite element approximation or in (4.20) when using boundary
elements. The global Galerkin stiffness matrix S̃h is then given by assembling
and we have to solve the linear system of equations,

S̃hu =
p∑

i=1

A�
i S̃h,iAiu = f (5.25)

where the right hand side is given by the linear form in (5.23).
When using a boundary element approximation of the local Steklov–

Poincaré operator Si, we get as resulting error estimate,

||u− ũh||2H1/2(ΓS) ≤ c1 · inf
vh∈Xh

||(u− g̃D) − vh||2H1/2(ΓS) (5.26)

+ c2 ·
p∑

i=1

inf
wh,i∈Zh,i

||Siu|Γi
− wh,i||2H−1/2(Γi).
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The local stiffness matrices are then given by (see (4.20)),

S̃h,i = Dh,i + (
1
2
M�

h,i +K�
h,i)V

−1
h,i (

1
2
Mh,i +Kh,i).

Inserting this into (5.25) gives

p∑
i=1

A�
i [Dh,i + (

1
2
M�

h,i +K�
h,i)V

−1
h,i (

1
2
Mh,i +Kh,i)]Aiu = f (5.27)

which is the discrete counter part of the Galerkin problem (5.23). Defining

Vh := diag(Vh,i)
p
i=1, wi := V −1

h,i (
1
2
Mh,i +Kh,i)Aiu, w := (wi)

p
i=1

as well as the assembled matrices

Dh :=
p∑

i=1

A�
i Dh,iAi, (

1
2
Mh +Kh) :=

p∑
i=1

(
1
2
Mh,i +Kh,i)Ai

we obtain a positive definite but block skew–symmetric system,(
Vh − 1

2Mh −Kh

1
2M

�
h +K�

h Dh

)(
w

u

)
=

(
0
f

)
. (5.28)

Note that the local trial spaces Zh,i ⊂ H−1/2(Γi) can be defined independently
of the global trial spaceXh ⊂ H

1/2
0 (ΓS , Γ0). For example, the global trial space

Xh can be defined by using piecewise linear continuous basis functions, while
the local trial spaces Zh,i are defined by piecewise constant basis functions
using the global mesh locally. However, it seems to be favorable to use local
trial spaces Zh,i which are completely independent of the global spaceXh. This
may lead to more efficient and more accurate algorithms. For preconditioned
iterative methods to solve (5.28) efficiently, see for example [27, 59, 69]. Note
that, due to Lemma 4.4, the local matrices S̃h,i are spectrally equivalent to
the exact Galerkin matrices Sh,i independent of the choice of the local trial
spaces Zh,i ⊂ H−1/2(Γi).

Now we consider the case when using a finite element approximation of
the local Steklov–Poincaré operators. Then we get as resulting error estimate,

||u− ũh||2H1/2(ΓS) ≤ c1 · inf
vh∈Xh

||(u− g̃D) − vh||2H1/2(ΓS) (5.29)

+ c2 ·
p∑

i=1

inf
vh,i∈X̃h,i

||u− vh,i||2H1(Ωi).

Using the approximate Dirichlet–Neumann map (3.74) locally, i.e. replacing
the approximations S̃i and Ñif in (5.23) and using local bilinear forms ai(·, ·)
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related to the local partial differential operators Li, the Galerkin problem
(5.23) reads: find ũ0,h ∈ Xh such that

p∑
i=1

ai(Eiũ0,h+Eig̃D+u0,h,i, Eiwh) =
p∑

i=1

∫
Ωi

f(x)Eiwh(x)dx+
∫

ΓN

gN (x)wh(x)dsx

(5.30)
for all wh ∈ Xh where u0,h,i ∈ X̃h,i are unique solutions of

ai(u0,h,i + Eiũ0,h + Eig̃D, vh,i) =
∫
Ωi

f(x)vh,i(x)dx (5.31)

for all vh,i ∈ X̃h,i and i = 1, . . . , p. Defining the local matrices

Ah,Ωi,Ωi
[	, k] = ai(φi

k, φ
i
�), Ah,Γi,Ωi [	, j] = ai(Eiϕ

i
j , φ

i
�)

for k, 	 = 1, . . . , M̃i and j = 1, . . . ,Mi as well as local right hand side vectors
by

fL,i
� =

∫
Ωi

f(x)φi
�(x)dx− ai(Eig̃D, φ

i
�) for 	 = 1, . . . , M̃i

the local problems (5.31) can be written as

Ah,Ωi,Ωiu
i
0 +Ah,Γi,ΩiAiũ0 = fL,i for i = 1, . . . , p. (5.32)

For k, 	 = 1, . . . , M̃i we define

Ah,Γi,Γi
[	, k] = ai(Eiϕ

i
k, Eiϕ

i
�)

fS,i
� =

∫
Ωi

f(x)Eiϕ
i
�(x)dx+

∫
ΓN

gN (x)ϕi
�(x)dsx − ai(Eig̃D, Eiϕ

i
�)

Then we can write (5.30) as

p∑
i=1

[
A�

i Ah,Γi,ΓiAiũ0 +A�
i A

�
h,Γi,Ωi

ui
0
]

=
p∑

i=1

A�
i f

S,i (5.33)

or
p∑

i=1

A�
i S̃

FEM
h,i Aiũ0 =

p∑
i=1

A�
i f

S,i.

Hence we have to solve a coupled linear system,(
Ah,Ω,Ω Ah,Γ,Ω

A�
h,Γ,Ω Ah,Γ,Γ

)(
u0

ũ0

)
=

(
fL

fS

)
. (5.34)
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Note that
Ah,Ω,Ω = diag (Ah,Ωi,Ωi

)p
i=1 .

Hence we can compute A−1
h,Ω,Ω in parallel to get the Schur complement system

S̃FEM
h ũ0 =

[
Ah,Γ,Γ −A�

h,Γ,ΩA
−1
h,Ω,ΩAh,Ω

]
ũ0 = fS −A�

h,Γ,ΩA
−1
h,Ω,Ωf

L .

(5.35)
Note that (5.35) is the linear system associated with the Galerkin formulation
(5.23). The coupled linear system (5.34) corresponds to the standard system
in finite element domain decomposition methods, see for example [17, 41]. In
particular, the stiffness matrix in (5.34) is symmetric and positive definite.
Hence we can use the techniques developed in [17, 41] for an efficient solution
of (5.34) by a preconditioned conjugate gradient method in parallel. However,
in contrast to the standard approach, the degrees of freedom ũ0 on the skeleton
are independent of the local degrees of freedom, u0, within the subdomains.
Note that the local Schur complements S̃FEM

h,i are spectrally equivalent to
the exact Galerkin matrices Sh,i of the local Steklov–Poincaré operators (see
Lemma 4.3), and hence the same is true for the global Schur complements
S̃FEM

h and Sh. However, the coupled linear system (5.34) depend on the local
trial spaces X̃h,i (to solve the local Dirichlet problem) and X̃∗

h,i (to define the
discrete harmonic extension). We will come back to this problem in the next
section. There we describe an equivalent finite element domain decomposition
method which is based on the standard approach. Introducing a two–level
finite element space globally we can formulate a conforming method which
allows the use of non–matching grids locally. In particular, we describe how
to deal with the discrete extension operators used in the proposed approach.

Note that we may use a boundary element approximation of the local
Steklov–Poincaré operators in a couple of subdomains Ωi, i = 1, . . . , q <
p, while for the remaining subdomains Ωi, i = q + 1, . . . , p, we use local
approximations by finite elements. The resulting linear system is then given
by assembling the discrete Steklov–Poincaré operators as given in (5.27) and
(5.35), respectively: q∑

i=1

A�
i S̃

BEM
h,i Ai +

p∑
i=q+1

A�
i S̃

FEM
h,i Ai

 ũ0 =
q∑

i=1

A�
i f

BEM

i
+

p∑
i=q+1

A�
i f

FEM

i
.

(5.36)
In analogy to (5.28) and (5.34) we also consider the coupled system Vh − 1

2Mh −Kh 0
1
2M

�
h +K�

h Dh +Ah,Γ,Γ A�
h,Γ,Ω

0 Ah,Γ,Ω Ah,Ω,Ω


 w

ũ0

u0

 =

 0

fS

fL

 . (5.37)

For efficient preconditioned iterative solution methods to solve (5.37), see
[51]. Note that (5.37) can be seen as Galerkin discretization of a variational
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formulation which results from a symmetric coupling of finite and boundary
element methods as introduced in [31].

5.2 A Two–Level Method

In this section we describe a two–level Galerkin discretization of (5.14) when
using finite elements. The coarse grid space introduced here corresponds to the
global trial space Xh used in (5.23) but the extension to the local subdomains
is already included in the definition of Xh.

As a model problem we consider the Dirichlet boundary value problem

−divα(x)∇u(x) = f(x) for x ∈ Ω, γ0u(x) = 0 for x ∈ Γ (5.38)

where the domain Ω is given by the non–overlapping domain decomposition
(5.1). We assume α(x) ≥ α0 > 0 for x ∈ Ω. The variational formulation of
(5.38) is: find u ∈ H1

0 (Ω) such that

p∑
i=1

∫
Ωi

α(x)∇u(x)∇v(x)dx =
∫
Ω

f(x)v(x)dx for all v ∈ H1
0 (Ω). (5.39)

Let Xh ⊂ H1
0 (Ω) be a global finite element trial space, then the Galerkin

formulation of (5.39) is: find uh ∈ Xh such that

p∑
i=1

∫
Ωi

α(x)∇uh(x)∇vh(x)dx =
∫
Ω

f(x)vh(x)dx for all vh ∈ Xh. (5.40)

Applying standard arguments, in particular Cea’s lemma, we get unique solv-
ability of (5.40) and the quasi–optimal error estimate

||u− uh||H1(Ω) ≤ c · inf
vh∈Xh

||u− vh||H1(Ω).

In what follows we will construct a two–level trial space Xh which is suitable
for the domain decomposition given by (5.1) and which allows the use of
non–matching grids locally. We first define a coarse grid space of piecewise
polynomial basis functions,

XH := span{ϕk}M0
k=1 ⊂ H1

0 (Ω). (5.41)

Then we consider a decomposition of XH given by

XH := XH,S +
p∑

i=1

XH,i (5.42)

with
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XH,S := span{ϕS
k }MS

k=1, XH,i := XH ∩H1
0 (Ωi) = span{ϕi

k}Mi

k=1. (5.43)

For every subdomain Ωi, i = 1, . . . , p, we then define local trial spaces

Xh,i := span{φi
k}M̃i

k=1 ⊂ H1
0 (Ωi) (5.44)

where we assume that XH,i ∪Xh,i defines a stable basis locally. In particular,
we need to ensure that the local stiffness matrices AL,L are invertible, see
(5.48). In general we have to distinguish two cases, see Figure 5.1 and Figure
5.2 in case of piecewise linear basis functions. There, denotes the global
coarse grid nodes of XH and • denotes the local fine grid nodes of Xh,i. In
Figure 5.1 we show the case, that the local coarse grid space is nested in
the local one, therefore XH,i and Xh,i define a nested hierarchical two–level
trial space locally, which is stable by construction. In a more general case
as depicted in Figure 5.2 the local coarse grid space XH,i is non–nested in
the fine grid space Xh,i. This may lead to an unstable basis, in particular,
when a coarse grid function can be represented approximately by the fine grid
basis. In this situation one may change either one of the trial spaces XH,i

or Xh,i to get nested spaces, or one has to refine the coarse grid space XH,i

simultaneous to the fine grid space. Note that the definition of Xh,i, if XH,i

is given, does not influence the properties of the Schur complement matrix
S̃FEM

h (see Lemma 4.3), but we need to have unique solvability of the local
subproblems.
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Figure 5.1: Figure 5.2:
Nested coarse grid space Non–nested coarse grid space

Then,

Xh := XH,S +
p∑

i=1

[XH,i +Xh,i] ⊂ H1
0 (Ω) (5.45)
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is the finite element space to be used in (5.40). According to (5.45) we make
the trial

uh := uH +
p∑

i=1

[uH,i + uh,i] ∈ Xh

with
uH ∈ XH,S , uH,i ∈ XH,i, uh,i ∈ Xh,i (i = 1, . . . , p).

We define local matrices

Ah,h,i[	̃, k̃] =
∫
Ωi

α(x)∇φi
k̃
(x)∇φi

�̃
(x)dx for k̃, 	̃ = 1, . . . , M̃i,

AH,H,i[	, k] =
∫
Ωi

α(x)∇ϕi
k(x)∇ϕi

�(x)dx for k, 	 = 1, . . . ,Mi

AH,h,i[	̃, k] =
∫
Ωi

α(x)∇ϕi
k(x)∇φi

�̃
(x)dx for k = 1, . . . ,Mi; 	 = 1, . . . , M̃i

as well as for k = 1, . . . ,MS

AS,S [	, k] =
p∑

i=1

∫
Ωi

α(x)∇ϕS
k (x)∇ϕS

� (x)dx for 	 = 1, . . . ,MS ;

AS,H,i[j, k] =
∫
Ωi

α(x)∇ϕS
k (x)∇ϕi

j(x)dx for j = 1, . . . ,Mi;

AS,h,i[	̃, k] =
∫
Ωi

α(x)∇ϕS
k (x)∇φi

�̃
(x)dx for 	̃ = 1, . . . , M̃i.

The variational problem (5.40) is then equivalent to the system of linear
equations,  Ah,h AH,h AS,h

A�
H,h AH,H AS,H

A�
S,h A�

S,H AS,S


 uh

uH

uS

 =

 f
h

f
H

f
S

 (5.46)

Setting

AL,L :=

(
Ah,h AH,h

A�
H,h AH,H

)
, AS,L :=

(
AS,h

AS,H

)
, f

L
:=

(
f

h

f
H

)
.

the linear system (5.46) can be written as(
AL,L AS,L

A�
S,L AS,S

)(
uL

uS

)
=

(
f

L

f
S

)
(5.47)
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where the uL = (uL,i)
p
i=1 denotes the local degrees of freedom which are

separated within the subdomains Ωi. The linear system (5.47) corresponds to
the standard system arising in finite element domain decomposition methods
[17, 41]. In particular, when using only the coarse grid spaceXH , our approach
coincides with the standard one. However, since we are using fine grid trial
spaces locally, this gives an improvement of the proposed method. Note that
this approach is a realization of the more general theory described in the
previous section. Hence we can apply the stability and error analysis developed
there. To see this, we eliminate in (5.47) the local degrees of freedom to get
the Schur complement system[

AS,S −A�
S,LA

−1
L,LAS,L

]
uS = f

S
−A�

S,LA
−1
L,LfL

. (5.48)

Note that (5.48) is equivalent to the Schur complement system (5.35). There-
fore, the linear system (5.48) represents a two–level finite element approxima-
tion of the variational problem (5.14). Hence we can apply the general theory
given in the previous chapter to get stability of (5.48) as well as an error
estimate as given in (5.29).

5.3 Three–Field Methods

Dirichlet domain decomposition methods as discussed in Section 5.1 are based
on a strong coupling of the Dirichlet data, and a weak coupling of the Neu-
mann data, see (5.13). However, by inserting the local Dirichlet–Neumann
maps into (5.13), the Neumann data were eliminated. In many applications,
however, one is interested to keep the local Neumann data as dual variables.
Starting from (5.14) we will describe a domain decomposition method, which
couples the local Cauchy data with the global Dirichlet data on the skele-
ton. This three–field algorithm, which corresponds to a two–fold saddle point
problem as described in Section 1.2, was first introduced in [24] in the context
of a finite element domain decomposition method.

Let us consider the variational problem (5.14) where for v ∈ H1/2(ΓS)
we used the pointwise restriction (5.12) to define the localized function vi :=
v|Γi

∈ H1/2(Γi). Instead of (5.12) we may use local trace operators

γi
0 : H1/2(ΓS) → H1/2(Γi) for i = 1, . . . , p. (5.49)

Then, the variational problem (5.14) reads: find ũ ∈ H1/2(ΓS), ũ(x) = gD(x)
for x ∈ ΓD, such that

p∑
i=1

∫
Γi

S̃iγ
i
0ũi(x)γi

0v(x)dsx =
p∑

i=1

∫
Γi

Ñif(x)γi
0v(x)dsx +

∫
ΓN

gN (x)v(x)dsx
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for all v ∈ H
1/2
0 (ΓS , ΓD). For µi ∈ H−1/2(Γi) we can also define the adjoint

operator γi,∗
0 : H−1/2(Γi) → H1/2(ΓS) satisfying

〈γi,∗
0 µi, v〉L2(ΓS) = 〈µi, γ

i
0v〉L2(Γi) for all v ∈ H1/2(ΓS). (5.50)

Hence we can write the variational problem (5.14) as follows: find ũ ∈
H1/2(ΓS) with ũ(x) = gD(x) for x ∈ ΓD such that

p∑
i=1

〈γi,∗
0 S̃iγ

i
0ũ, v〉L2(Γi) =

p∑
i=1

〈γi,∗
0 Ñif, v〉L2(Γi) + 〈gN , v〉L2(ΓN ) (5.51)

for all v ∈ H
1/2
0 (ΓS , ΓD). Since the variational problem (5.51) corresponds to

(5.14) in its continuous form, we have unique solvability of (5.51). However,
the bilinear form in (5.51) is a composition of three operators locally. In (5.20)
we have defined local trial spaces Xh,i by restriction of the global trial space,
in particular Xh,i = γi

0Xh. Then it was only necessary to discretize the local
Steklov–Poincaré operators S̃i. Here we will retain the structure of the locally
composed operators. This allows us to introduce local trial spaces Xh,i in a
more general way.

For ũ ∈ H1/2(ΓS) we define

ũi := γi
0ũ ∈ H1/2(Γi), λ̃i := S̃iũi − Ñif ∈ H−1/2(Γi).

Considering the weak formulation of these relations, the variational problem
(5.51) finally reads: find ũ ∈ H1/2(ΓS) with ũ(x) = gD(x) for x ∈ ΓD, ũi ∈
H1/2(Γi) and λ̃i ∈ H−1/2(Γi) such that

p∑
i=1

〈γi,∗
0 λ̃i, v〉L2(Γi) = 〈gN , v〉L2(ΓN ) (5.52)

〈S̃iũi, vi〉L2(Γi) − 〈λ̃i, vi〉L2(Γi) = 〈Ñif, vi〉L2(Γi) (5.53)

〈ũi, µi〉L2(Γi) − 〈γi
0ũ, µi〉L2(Γi) = 0 (5.54)

for all v ∈ H
1/2
0 (ΓS , ΓD), vi ∈ H1/2(Γi) and µi ∈ H−1/2(Γi). Let us define

the function spaces

X :=
p∏

i=1

H1/2(Γi), Π1 :=
p∏

i=1

H−1/2(Γi), Π2 := H
1/2
0 (ΓS , ΓD)

and the bounded bilinear forms

a(u, v) :=
p∑

i=1

〈S̃iui, vi〉L2(Γi),

b1(v, µ) :=
p∑

i=1

〈µi, vi〉L2(Γi),

b2(µ, v) :=
p∑

i=1

〈µi, γ
i
0v〉L2(Γi).
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Then, the variational problem (5.52)–(5.54) corresponds to the two–fold sad-
dle point problem as considered in (1.26). Hence we have to check the assump-
tions of Theorem 1.5 to ensure unique solvability of (5.52)–(5.54).

To describe kerB2 we write

0 = b2(µ, v) =
p∑

i=1

〈µi, γ
i
0v〉L2(Γi) =

∑
i<j

〈µi+µj , v|Γij
〉L2(Γij) for all v ∈ Π2.

Hence we have

kerB2 =
{
µ ∈ Π1 : µi + µj = 0 on Γij , i < j

}
. (5.55)

Now we can characterize kerB2B1. For µ ∈ kerB2 we have

0 = b1(v, µ) =
p∑

i=1

〈µi, vi〉L2(Γi)

=
p∑

i=1

〈µi, vi〉L2(ΓD∩Γi) +
∑
i<j

[〈µi, vi〉L2(Γij) + 〈µj , vj〉L2(Γij)]

=
p∑

i=1

〈µi, vi〉L2(ΓD∩Γi) +
∑
i<j

〈µi, vi − vj〉L2(Γij) .

Therefore,

kerB2B1 := {v ∈ X : vi(x) = 0 for x ∈ Γi ∩ ΓD, vi(x) = vj(x) for x ∈ Γij} .
(5.56)

Note that
kerB2B1 = H

1/2
0 (ΓS , ΓD) (5.57)

and we can conclude the ellipticity of the bilinear form a(·, ·) on kerB2B1. Now,
applying Theorem 1.5 we have unique solvability of the three–field variational
problem (5.52)–(5.54).

For a Galerkin discretization of (5.52)–(5.54) we introduce finite–dimensional
trial spaces,

Xh :=
p∏

i=1

Xh,i with Xh,i := span{ϕi
j}Mi

j=1 ⊂ H1/2(Γi),

Π1,h :=
p∏

i=1

Π1,h,i with Π1,h,i := span{χi
�}Ni

�=1 ⊂ H−1/2(Γi),

Π2,h := span{ϕk}M
k=1 ⊂ H

1/2
0 (ΓS , ΓD).

Let g̃D ∈ H1/2(ΓS) be a bounded extension of the given Dirichlet datum gD.
The Galerkin variational problem of (5.52)–(5.54) then reads: find ũ0,h ∈ Π2,h,
ũi,h ∈ Xh,i, λ̃i,h ∈ Π1,h,i such that
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p∑
i=1

〈γi,∗
0 λ̃i,h, vh〉L2(Γi) = 〈gN , vh〉L2(ΓN ) (5.58)

〈S̃iũi,h, vi,h〉L2(Γi) − 〈λ̃i,h, vi,h〉L2(Γi) = 〈Ñif, vi,h〉L2(Γi) (5.59)

〈ũi,h, µi,h〉L2(Γi) − 〈γi
0ũ0,h, µi,h〉L2(Γi) = 〈γi

0g̃D, µi,h〉L2(Γi) (5.60)

for all ṽh ∈ Π2,h, vi,h ∈ Xh,i, µi,h ∈ Π1,h,i.
To ensure unique solvability and stability of (5.58)–(5.60) we apply The-

orem 1.6. Hence we need to have the inf–sup conditions (1.34) and (1.35) to
be satisfied as well as the ellipticity of the bilinear form a(·, ·) on kerB2,hB1,h

with

kerB2,h = {µ
h

∈ Π1,h :
∑
i<j

〈µi,h + µj,h, vh〉L2(Γij) = 0 for all vh ∈ Π2,h},

kerB2,hB1,h =

= {vh ∈ Xh :
∑
i<j

∫
Γij

(µi,hvi,h + µj,hvj,h)dsx = 0 for allµ
h

∈ kerB2,h}.

Lemma 5.4. Let us assume

kerSi ⊂ Xh,i, kerSi|Γi\ΓD
⊂ Π2,h|Γi\ΓD

. (5.61)

Then, the bilinear form a(·, ·) is elliptic on kerB2,hB1,h,

a(vh, vh) =
p∑

i=1

〈S̃ivi,h, vi,h〉L2(Γi) (5.62)

≥ c · ||vh||2H1/2(ΓS) for all vh ∈ kerB2,h
B1,h.

Proof. Let vi,h ∈ kerSi ∩ kerB2,h
B1,h. Due to the assumptions made above we

then have vi,h ∈ Π2,h yielding vi,h = vj,h on Γij . Applying these arguments
recursively we get vj,h ∈ kerSj for some j with Γj ∩ ΓD �= ∅. Hence, vh,j ≡ 0
and therefore vh ≡ 0. From this we can conclude (5.62). 
�

Let us now consider (1.34),

1
cS

· ||µ
h
||Π1 ≤ sup

0 �=vh∈Xh

p∑
i=1

〈µh,i, vh,i〉L2(Γi)

||vh||X
for all µ

h
∈ Π1,h. (5.63)

Lemma 5.5. Let the discrete inf–sup condition

1
cS

· ||µh,i||H−1/2(Γi) ≤ sup
0 �=vh,i∈Xh,i

〈µh,i, vh,i〉L2(Γi)

||vh,i||H1/2(Γi)
for all µh,i ∈ Π1,h,i

(5.64)
be satisfied for i = 1, . . . , p. Then, (5.63) is valid.
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Proof. For every µh,i ∈ Π1,h,i we define v∗
h,i := Q̃h,iµh,i,

〈v∗
h,i, ηh,i〉L2(Γi) = 〈Q̃h,iµh,i, ηh,i〉L2(Γi) = 〈µh,i, ηh,i〉H−1/2(Γi)

for all ηh,i ∈ Π1,h,i. Choosing ηh,i = µh,i this gives

||µh,i||2H−1/2(Γi) = 〈µh,i, v
∗
h,i〉L2(Γi)

as well as

||µ
h
||2Π1

=
p∑

i=1

||µh,i||2H−1/2(Γi) = b1(vh, µh
).

Using duality,

||v∗
h,i||H1/2(Γi) = sup

0 �=ηi∈H−1/2(Γi)

|〈v∗
h,i, ηi〉L2(Γi)|

||ηi||H−1/2(Γi)

= sup
0 �=ηi∈H−1/2(Γi)

|〈v∗
h,i, Q̃

∗
hηi〉L2(Γi)|

||ηi||H−1/2(Γi)

= sup
0 �=ηi∈H−1/2(Γi)

|〈µh,i, Q̃
∗
hηi〉H−1/2(Γi)|

||ηi||H−1/2(Γi)
≤ cS · ||µh,i||H−1/2(Γi).

Therefore,

||vh||2X =
p∑

i=1

||vh,i||2H1/2(Γi) ≤ c2S ·
p∑

i=1

||µh,i||2H−1/2(Γi) = c2S · ||µ
h
||2Π1

and the assertion follows. 
�
It remains to justify (1.35),

1
cS

· ||vh||Π2 ≤ sup
0 �=µ

h
∈Π1,h

p∑
i=1

〈µh,i, γ
i
0v〉L2(Γi)

||µ
h
||Π1

for all vh ∈ Π2,h . (5.65)

Let Π2,h,i := γi
0Π2,h the restriction of the global trial space Π2,h onto the

local subdomain boundary Γi. Instead of (5.65) we now consider the local
inf–sup conditions

1
cS

· ||vi
h||H1/2(Γi) ≤ sup

0 �=µh,i∈Π1,h,i

〈µh,i, v
i
h〉L2(Γi)

||µh,i||H−1/2(Γi)
for all vi

h ∈ Π2,h,i. (5.66)

As in Lemma 5.5 the local inf–sup conditions (5.66) imply the global stability
condition (5.65). Hence we have to define, for a global coarse grid space Π2,h,
the local trial spaces Xh,i and Π1,h,i in such a way, that the discrete inf–sup
conditions (5.64) and (5.66) are satisfied, see Chapter 2.
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Let us define the Galerkin matrices

S̃h,i [̃j, j] = 〈S̃iϕ
i
j , ϕ

i
j̃
〉L2(Γi) j, j̃ = 1, . . . ,Mi

Mh,i[	, j] = 〈ϕi
j , χ

i
�〉L2(Γi) j = 1, . . . ,Mi; 	 = 1, . . . , Ni

M̄h,i[	, k] = 〈γi
0ϕk, χ

i
�〉L2(Γi) k = 1, . . . ,M ; 	 = 1, . . . , Ni

locally as well as local vectors

gN,k = 〈gN , ϕk〉L2(ΓN ) k = 1, . . . ,M ;

f i
j = 〈Ñif, ϕ

i
j〉L2(Γi) j = 1, . . . ,Mi;

gi
D,� = 〈γi

0g̃D, χ
i
�〉L2(Γi) 	 = 1, . . . , Ni.

Now, (5.58)–(5.60) is equivalent to the system of linear equations, 0 Mh −M̄h

−M�
h S̃h 0

M̄�
h 0 0


 λ̃

ũ

ũ0

 =

 g
D

f

g
N

 (5.67)

where for the discrete Steklov–Poincaré operator S̃h we may insert either the
finite element representation (4.17) or the boundary element representation
(4.20).

For an efficient iterative solution of (5.67) we can adapt the approach
described in [16] to transform the block–skew symmetric and positive definite
stiffness matrix in (5.67) to a symmetric and positive definite matrix.

When assuming the stability condition (5.63) and

Mi = dimXh,i = dimΠ1,h,i = Ni for i = 1, . . . , p,

the local matrices Mh,i are invertible and we can first eliminate ũ in (5.67),

ũ = M−1
h

[
M̄hũ0 + g

D

]
to get

M�
h λ̃ = S̃hM

−1
h

[
M̄hũ0 + g

D

]
− f

or
λ̃ = M−�

h S̃hM
−1
h M̄hũ0 +M−�

h S̃hM
−1
h g

D
−M−�

h f.

Therefore we have to solve the Schur complement system

M̄�
h M

−�
h S̃hM

−1
h M̄hũ0 = g

N
− M̄�M−�

h S̃hM
−1
h g

D
+ M̄�

h M
−�
h f (5.68)

which is the three–field approximation of (5.51).
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5.4 Neumann Domain Decomposition Methods

In this section we consider domain decomposition methods which are based on
a weak coupling of the Dirichlet data and a strong coupling of the associated
Neumann data, see also [44]. For neighbored subdomains Ωi and Ωj with a
local coupling boundary Γij , i < j we introduce functions λ̃ij ∈ H−1/2(Γij).
Then we define, for x ∈ Γij ,

λ̃i(x) := λ̃ij(x) for i < j, λ̃j(x) := −λ̃ij(x) for j > i (5.69)

and
λ̃i(x) := gN (x) for x ∈ Γi ∩ ΓN . (5.70)

Note that λ̃i ∈ H−1/2(Γi) when assuming λ̃ij ∈ H−1/2(Γij). Obviously, the
Neumann boundary and transmissions conditions in (5.11) are satisfied for
this choice. Then the weak coupling conditions for the Dirichlet data are

p∑
i<j

∫
Γij

[ũi(x) − ũj(x)]µij(x)dsx = 0 for all µij ∈ H−1/2(Γij). (5.71)

Since we are using µij ∈ H−1/2(Γij), we have to require

ũi − ũj ∈ H̃1/2(Γij). (5.72)

Note that this is a quite restrictive assumption, especially for n = 3. For
n = 2, (5.72) is equivalent to continuity at the cross points, while for n = 3
we need also continuity across the edges.

Let us define the function spaces

X :=

{
v ∈

p∏
i=1

H1/2(Γi) : vi − vj ∈ H̃1/2(Γij), vi(x) = 0 for x ∈ ΓD

}
(5.73)

Π :=
p∏

i=1

H−1/2(Γi ∩ ΓN ) ×
∏
i<j

H−1/2(Γij) (5.74)

which are equipped with the norms

||v||X :=

{
p∑

i=1

||vi||2H1/2(Γi)

}1/2

, (5.75)

||µ||Π :=


p∑

i=1

||µi||2H−1/2(Γi∩ΓN ) +
∑
i<j

||µij ||2H−1/2(Γij)


1/2

. (5.76)

Moreover, we consider the bounded bilinear forms
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a(u, v) :=
p∑

i=1

〈S̃iui, vi〉L2(Γi) : X ×X → R, (5.77)

b(v, µ) :=
p∑

i=1

〈ui, µi〉L2(Γi∩ΓN ) +
∑
i<j

〈vi − vj , µij〉L2(Γij) : X ×Π → R. (5.78)

Let g̃D ∈ H1/2(ΓS) be an arbitrary but fixed extension of the given Dirichlet
data. Considering a weak formulation of the local Dirichlet–Neumann maps
in (5.11) together with the weak coupling conditions (5.71) leads to the vari-
ational formulation: find ũ0 ∈ X and λ̃ ∈ Π such that

a(ũ0, v) − b(v, λ̃) =
p∑

i=1

〈Ñif − S̃ig̃D, vi〉L2(Γi)

b(ũ0, µ) = 0

(5.79)

for all v ∈ X and µ ∈ Π. Note that

V := kerB = {v ∈ X : vi(x) = vj(x) for x ∈ Γij} = H
1/2
0 (ΓS , ΓD).

(5.80)
Hence we have

a(v, v) =
p∑

i=1

〈S̃ivi, vi〉L2(Γi) ≥ cS1 · ||v||2X for all v ∈ V. (5.81)

It remains to check the inf–sup condition (1.18) to get unique solvability of
(5.79).

Theorem 5.6. The bilinear form b(·, ·) : X×Π defined by (5.78) satisfies the
inf–sup condition (1.18).

Proof. For an arbitrary but fixed µ ∈ Π we define u∗ ∈ X as follows: For
i < j let u∗

ij ∈ H̃1/2(Γij) be the unique solution solution of the variational
problem

〈u∗
ij , vij〉H̃1/2(Γij)

= 〈µij , vij〉L2(Γij) for all vij ∈ H̃1/2(Γij)

and let u∗
ji = 0 on Γij . Note that

||u∗
ij ||H̃1/2(Γij)

= ||µij ||H−1/2(Γij) for i < j.

For Γi ∩ ΓN �= ∅ we define u∗
i,N ∈ H̃1/2(Γi ∩ ΓN ) such that

〈u∗
i,N , vi,N 〉H̃1/2(Γi∩ΓN ) = 〈µi, vij〉L2(Γij) for all vij ∈ H̃1/2(Γij)

Again,
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||u∗
i,N ||H̃1/2(Γi∩ΓN ) = ||µi||H−1/2(Γi).

Then we define

u∗
i (x) =


u∗

ij(x) for x ∈ Γij ,

u∗
i,N (x) for x ∈ Γi ∩ ΓN ,

0 for x ∈ Γi ∩ ΓD.

Note that

||u∗
i ||H1/2(Γi) = ||u∗

i,N +
∑

j

u∗
i,j ||H1/2(Γi)

≤ ||u∗
i,N ||H1/2(Γi∩ΓN ) +

∑
j

||u∗
ij ||H/2(Γij)

and therefore

||u∗
i ||2H1/2(Γi) ≤ ci ·

||u∗
i,N ||2H1/2(Γi∩ΓN ) +

∑
j

||u∗
ij ||2H/2(Γij)


where the constant ci depends on the number of coupling boundaries locally.
Then,

b(u∗, µ) =
p∑

i=1

〈u∗
i,N , µi〉L2(Γi∩ΓN ) +

∑
i<j

∫
Γij

[u∗
i (x) − u∗

j (x)]µij(x)dsx

=
p∑

i=1

〈u∗
i,N , µi〉L2(Γi∩ΓN ) +

∑
i<j

∫
Γij

u∗
ij(x)µij(x)dsx

=
p∑

i=1

||u∗
i,N ||2

H̃1/2(Γi∩ΓN )
+
∑
i<j

||u∗
ij ||2H̃1/2(Γij)

=


p∑

i=1

||u∗
i,N ||2

H̃1/2(Γi∩ΓN )
+
∑
i<j

||u∗
ij ||2H̃1/2(Γij)


1/2

·


p∑

i=1

||µi||2H−1/2(Γi∩ΓN ) +
∑
i<j

||µij ||2H−1/2(Γij)


1/2

≥ c · ||u∗||H1/2(ΓS)||µ||Π

implying the inf–sup condition (1.18). 
�
Hence we have unique solvability of the saddle point problem (5.79) due

to Theorem 1.2.
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For a Galerkin discretization of (5.79) we introduce trial spaces

Xh :=
p∏

i=1

Xh,i, Πh :=
p∏

i=1

Πi,N ×
∏
i<j

Πh,ij

with

Xh,i := span{ϕi
k}Mi

k=1 ⊂ H
1/2
0 (Γi, ΓD),

Πi,N := span{χi,N
� }Ni,N

�=1 ⊂ H−1/2(Γi ∩ ΓN ),

Πh,ij := span{χij
� }Nij

�=1 ⊂ H−1/2(Γij).

Note that the definition of Xh ⊂ X includes the compatibility condition

uh,i − uh,j ∈ H̃1/2(Γij) . (5.82)

The Galerkin problem of (5.79) is: find ũ0,h ∈ Xh and λ̃h ∈ Πh such that

a(ũ0,h, vh) − b(v, λ̃h) =
p∑

i=1

〈Ñif − S̃ig̃D, vi,h〉L2(Γi)

b(ũ0,h, µh
) = 0

(5.83)

for all vh ∈ Xh and µ
h

∈ Πh.
To ensure unique solvability and stability of (5.83) we will apply Theorem

1.3. Hence we have to establish the discrete inf–sup condition (1.25),

γ̃S · ||µ
h
||Π ≤ sup

0 �=vh∈Xh

1
||vh||X

 p∑
i=1

〈vi, µi〉L2(Γi∩ΓN ) +
∑
i<j

〈vi − vj , µi〉L2(Γij)


(5.84)

for all µ
h

∈ Πh.
As in Lemma 5.5 we can prove the following result, see, for example, also

[14].

Lemma 5.7. Let the discrete inf–sup conditions

1
cS

· ||µh,ij ||H−1/2(Γi∩ΓN ) ≤ sup
0 �=vh,i∈Xh,i∩H̃1/2(Γij)

〈µh,ij , vh,i〉L2(Γij)

||vh,i||H̃1/2(Γij)
(5.85)

for all µh,ij ∈ Πh,ij and

1
cS

· ||µh,i||H−1/2(Γij) ≤ sup
0 �=vh,i∈Xh,i∩H̃1/2(Γi∩ΓN )

〈µh,i, vh,i〉L2(Γi∩ΓN )

||vh,i||H̃1/2(Γi∩ΓN )
(5.86)

for all µh, i ∈ Πi,N be satisfied. Then, (5.84) is valid.
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Proof. For simplicity in the presentation we consider the case ΓN = ∅ only.
If ΓN �= ∅, the additional terms correspond to the case considered for the
coupling boundaries Γij .

For µh,ij ∈ Πh,ij and i < j we define v∗
h,j(x) = 0 for x ∈ Γij and v∗

h,i ∈
Xh,i ∩ H̃1/2(Γij) satisfying

〈v∗
h,i, ηh,ij〉L2(Γij) = 〈Q̃h,ijµh,ij , ηh,ij〉L2(Γij) = 〈µh,ij , ηh,ij〉H−1/2(Γij)

for all ηh,ij ∈ Πh,ij . Then,

||µh,ij ||2H−1/2(Γij) = 〈〈v∗
h,i, µh,ij〉L2(Γij)

as well as

||µ
h
||2Π =

∑
i<j

||µh,ij ||2H−1/2(Γij) =
∑
i<j

〈v∗
h,i, µh,ij〉L2(Γij) = b(v∗, µ

h
).

Using duality and the stability of Q̃h,ij we obtain

||v∗
h,ij ||H̃1/2(Γij)

≤ cS · ||µh,ij ||H−1/2(Γij)

and therefore

||v∗
h||2X =

∑
i<j

||v∗
h,ij ||2H̃1/2(Γij)

≤ c2S ·
∑
i<j

||µh,ij ||2H−1/2(Γij) = c2S · ||µ||2Π .

Now, the assertion follows. 
�
It remains to guarantee the discrete inf–sup condition (5.85). For i < j

we have to consider the trial space Xh,ij := Xh,i ∩ H̃1/2(Γij). To define Πh,ij

we may first chose Πh,ij = Xh,ij . Then, Q̃h,ij corresponds to the L2 projec-
tion operator Qh as defined in (1.64). The stability of Q̃h,ij : H̃1/2(Γij) →
Xh,ij ⊂ H̃1/2(Γij) then follows from the local Assumption 2.1. In partic-
ular, when using piecewise linear basis functions to define the local trial
spaces Xh,i, the mesh criteria (2.20) has to be satisfied, see the discussion
and the examples in Section 2.1. Note that the stability results of Q̃h,ij

are valid for quite arbitrary meshes, i.e. we allow also adaptive and nonuni-
form meshes on the coupling boundary Γij when the mesh assumption 2.1
is satisfied locally. The standard choice in Mortar finite element methods is
Πh,ij = X̃h,ij where X̃h,ij is modified as shown is Figure 5.3 for n = 2. To
ensure the stability of Q̃h,ij in this case we still have to consider the local
trial spaces Vh(τ1) and Vh(τN ) only. Note that the local trial spaces Vh(τ�)
for 	 = 2, . . . , N − 1 correspond to the case already discussed above. Since
the dimension of the local trial spaces Vh(τ1) and Vh(τN ) are equal to one,
Assumptions 1.2 and Assumption 2.1 are trivially satisfied. Hence we obtain
stability of Q̃h,ij in H̃1/2(Γij) when (2.20) is satisfied. For n = 3 we can de-
fine a corresponding modification of the piecewise linear basis functions on
elements at the boundary of Γij .
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Figure 5.3: Local trial spaces Xh,ij and Πh,ij .
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Figure 5.4: Local trial spaces Xh,ij and Πh,ij , dual basis.

Instead of piecewise linear basis functions to define Πh,ij we can also use
piecewise constant basis functions which are defined on the dual mesh, see
Figure 5.4 for n = 2. To get stability of Q̃h,ij we can apply the results from
Section 2.2, in particular (2.30). For n = 3, see Figure 2.3. Note, that this
approach was also discussed in [49] assuming locally quasi-uniform meshes on
Γij .

Note that for the definition of the local trial spaces Xh,i and Πh,ij we can
consider also higher polynomial basis functions as discussed in Section 2.3 or
biorthogonal basis functions, see [73] and Section 2.4. When using nonuniform
meshes, then one has to control the local mesh assumption 2.1 by computing
the eigenvalues of G̃S

h (see (2.7)) numerically.
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5.5 Numerical Results

In this Section we first present some numerical results to illustrate the appli-
cability of the natural finite element domain decomposition method as intro-
duced in Section 5.1.

As a model problem we consider the Dirichlet boundary value problem

−divα(x)∇u(x) = 1 for x ∈ Ω, u(x) = 0 for x ∈ ∂Ω (5.87)

where the domain Ω is given either by Ω1 = (0, 3)2 or by Ω2 = (0, 2)2. In case
of Ω1 the coefficient α(x) is given by (see Figure 5.5)

α1(x) =

{
10−6 for x ∈ (0.5, 2.5)2\[1, 2]2,

1 elsewhere,
(5.88)

while in the case of Ω2 we have (see Figure 5.6)

α2(x) =

{
10−6 for x ∈ (0, 1)2 ∪ (1, 2)2,

1 elsewhere.
(5.89)

α = 1

α = 10−6

α = 1

α = 1

α = 10−6 α = 1

α = 10−6

Figure 5.5: Domain Ω1. Figure 5.6: Domain Ω2.

Both examples are standard test examples for Mortar finite element meth-
ods, see [73, 74]. The fine grid in the domains with coefficient α(x) = 10−6 is
constructed by L+ additional refinements starting from a global coarse grid
with L initial refinement steps, see Figure 5.7 and Figure 5.8 with L = 1 and
L+ = 3.
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Figure 5.7: Triangulation of Ω1. Figure 5.8: Triangulation of Ω2.

The global trial space Xh and all local trial spaces X̃h,i are defined by
using piecewise linear basis functions. Since the coarse mesh is embedded in
the fine mesh along the interfaces, the data transfer between the coarse and
the fine mesh is realized by interpolation. In Figure 5.9 and Figure 5.10 we
plot the solutions obtained along the diagonals from the left lower corner to
the right upper one.
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Figure 5.9: Figure 5.10:
Solution along the diagonal of Ω1. Solution along the diagonal of Ω2.
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L L+ = 0 L+ = 1 L+ = 2 L+ = 3 L+ = 4
0 13 2.73 -1 25 1.84 -1 85 1.09 -1 349 6.22 -2 1453 3.60 -2
1 57 1.84 -1 117 1.09 -1 381 6.22 -2 1485 3.60 -2 5997 2.12 -2
2 241 1.09 -1 505 6.22 -2 1609 3.59 -2 6121 2.12 -2 24361 1.27 -2
3 993 6.22 -2 2097 3.59 -2 6609 2.12 -2 24849 1.27 -2 98193 7.75 -3
4 4033 3.59 -2 8545 2.12 -2 26785 1.27 -2 100129 7.75 -3
5 16257 2.12 -2 34497 1.27 -2 107841 7.75 -3
6 65281 1.27 -2 138625 7.74 -3
7 261633 (7.74 -3)

Table 5.1. Degrees of freedom and approximate error for Ω1.

0.01

0.1

10 100 1000 10000 100000

L+=0
L+=1
L+=2
L+=3
L+=4

Figure 5.11: Error in energy for Ω1.

L L+ = 0 L+ = 1 L+ = 2 L+ = 3 L+ = 4
0 5 2.79 -1 13 3.22 -1 53 1.87 -1 229 9.86 -2 965 5.03 -2
1 25 3.22 -1 65 1.87 -1 241 9.85 -2 977 5.01 -2 3985 2.53 -2
2 113 1.87 -1 289 9.85 -2 1025 5.01 -2 4033 2.52 -2 16193 1.27 -2
3 481 9.85 -2 1217 5.01 -2 4225 2.52 -2 16385 1.26 -2 65281 6.34 -3
4 1985 5.01 -2 4993 2.52 -2 17153 1.26 -2 66049 6.31 -3
5 8065 2.52 -2 20225 1.26 -2 69121 6.31 -3
6 32513 1.26 -2 81409 6.31 -3
7 130561 6.31 -3

Table 5.2. Degrees of freedom and approximate error for Ω2.
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Figure 5.12: Error in energy norm for Ω2.

Since the exact solution is not known for both test problems, we estimated
an approximate error

eh := |uh − uh/2|E
by computing an approximate solution on a refined mesh with respect to the
energy norm

|v|2E =
∫
Ω

α(x)|∇v(x)|2dx in H1
0 (Ω,Γ ).

The results are given for different values of L and L+ in Table 5.1 and Table
5.2, see also Figure 5.11 and 5.12, respectively. Note that the number of degrees
of freedom is reduced drastically by maintaining the same accuracy when using
the approach described here.

As a second example we consider a model problem from linear elastostatics
in three space dimensions. The equilibrium equations are

−σij,j(u, x) = 0 for x ∈ Ω ⊂ R
3. (5.90)

In the homogeneous, isotropic case the stress–strain relation is given by
Hooke’s law,

σij(u, x) =
Eν

(1 + ν)(1 − 2ν)
δij divu(x) +

E

1 + ν
eij(u, x) (5.91)

with the linearized strain tensor

eij(u, x) =
1
2

[
∂

∂xi
uj(x) +

∂

∂xj
ui(x)

]
. (5.92)
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In (5.91), E is Young’s modulus and ν is Poisson’s ratio; here we used E = 200
and ν = 0.3.

Figure 5.13: Figure 5.14
Domain Ω ⊂ R

3. Domain decomposition into 6 substructures.

The domain Ω is given as depicted in Figure 5.13. Note that Ω fails to
be a Lipschitz domain, see also [52]. But a simple domain decomposition as
shown in Figure 5.14 leads to substructures which are Lipschitz. Note that
a decomposition into two subdomains would be sufficient to obtain Lipschitz
substructures.

The boundary conditions are as depicted in Figure 5.15: The lower bar is
fixed at both ends while on the top of the upper bar a predescribed boundary
stress density is given.
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Figure 5.15: Boundary conditions.

This mixed boundary value problem is discretized by a domain decompo-
sition approach using boundary elements as described in Section 5.1. Each
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substructure is discretized by 1536 boundary elements using piecewise con-
stant basis functions to approximate the local Steklov–Poincaré operators (see
Section 3.4, in particular (3.78)). To define the global trial space on the skele-
ton of the domain decomposition (see (5.19)) piecewise linear basis functions
are used. This leads to a system of linear equations as given in (5.27) where
the assembled stiffness matrix is symmetric and positive definite and the cg
scheme can be used as solver. The deformed body is shown in Figure 5.16.

Figure 5.16: Deformed body with 6656 boundary elements.

5.6 Concluding Remarks

The main aim of this work was to construct stable domain decomposition
methods which are based on different discretizations locally. We did not focus
on efficient solution methods to solve the resulting linear algebraic systems
in parallel, and we did not consider a posteriori error estimators to drive
adaptive algorithms. However, our algorithms are especially designed to deal
with adaptive and nonuniform meshes, even on local coupling boundaries. For
an adaptive algorithm, we have to combine this approach with appropriate
a posterior error estimators for the approximate solution on the skeleton of
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the domain decomposition; and to estimate the finite and boundary element
approximations of the local Steklov–Poincaré operators.

Finally, a challenging task is the implementation of the proposed algo-
rithms for hybrid coupled domain decomposition methods in three space di-
mensions, including the coupling of finite and boundary element methods.
For parallel implementations of domain decomposition methods based on fi-
nite elements we refer, e.g., to [11, 40]. The software package ug is a general
finite element toolbox [5] which was used to implement also the Mortar fi-
nite element method in 2D, see [74]. The implementation of hybrid coupled
domain decomposition methods in 3D is an actual reasearch topic of several
groups. When these methods are available, they can provide a base for more
complicated algorithms for the numerical solution of boundary value problems
arising in, for example mechanical, applications.
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103–114, 1978.

24. F. Brezzi, L. D. Marini, A three–field domain decomposition method. Contemp.
Math. 157 (1994) 27–34.

25. F. Brezzi, D. Marini, Error estimates for the three–field formulation with bubble
stabilization. Math. Comp. 70 (2001) 911–934.

26. C. Carstensen, Merging the Bramble-Pasciak-Steinbach and the Crouzeix-
Thomée criterion for H1 stability of the L2 projection onto finite element spaces.
Math. Comp. 71 (2002) 157–163.

27. C. Carstensen, M. Kuhn, U. Langer, Fast parallel solvers for symmetric bound-
ary element domain decomposition methods. Numer. Math. 79 (1998) 321–347.

28. C. Carstensen, R. Verfürth, Edge residuals dominate a posteriori error estimates
for low order finite element methods. SIAM J. Numer. Anal. 36 (1999) 1571–
1587.

29. P. G. Ciarlet, The Finite Element Method for Elliptic Problems. North–Holland,
1978.

30. P. Clement, Approximation by finite element functions using local regulariza-
tion. RAIRO Anal. Numer. R–2 (1975) 77–84.

31. M. Costabel, Symmetric methods for the coupling of finite elements and bound-
ary elements. In: Boundary Elements IX (C. A. Brebbia, G. Kuhn, W. L. Wend-
land eds.), Springer–Verlag, Berlin, pp. 411–420, 1987.

32. M. Costabel, Boundary integral operators on Lipschitz domains: Elementary
results. SIAM J. Math. Anal. 19 (1988) 613–626.

33. M. Costabel, W. L. Wendland, Strong ellipticity of boundary integral operators.
Crelle’s J. Reine Angew. Math. 372 (1986) 34–63.

34. M. Crouzeix, V. Thomée, The stability in Lp and W 1
p of the L2–projection onto

finite element function spaces. Math. Comp. 48 (1987) 521–532.
35. M. Feistauer, J. Felcman, M. Lukác̆ová–Medvid’ová, On the convergence of a
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